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We present a method for prediction and computation of stationary nonlinear

modes for systems of equations of Nonlinear Schrödinger (NLS) type. These sta-

tionary nonlinear modes are described by a system of nonlinear ODE of the form

uxx +A(x)u−B(u,u;x)u+ h(x) = 0

Here u(x) is an n-component real vector function, u(x) = col (u1(x), . . . , un(x));

A(x) is an n× n matrix function of x; B(a,b; x) is a diagonal n× n matrix where

the diagonal entries Bk,k(a,b; x), k = 1, . . . , n, are bilinear forms of n-component

vectors a and b with the coefficients depending on x; h(x) is an n-component vector

function of x. We prove that under some conditions the solutions of this system

generically have singularities on the real axis and, consequently, cannot describe a

profile of a nonlinear mode. Therefore the approach consists in detecting of bounded

(singularity-free) solutions of the system and their thorough analysis. The method

(called the method of excluding singular solutions) is illustrated by the example of

the Lugiato-Lefever equation that describes the nonlinear waves in an optical cavity.

Existence of some novel nonlinear modes (solitons) is reported.

1



Application of Dynamical Systems to the Study
of Asymptotic Classification and Asymptotic Behavior of Solutions

to Nonlinear Higher-Order Differential Equations

Astashova I.V.

Lomonosov Moscow State University, Russia

ast@diffiety.ac.ru

Consider the equation

y(n) = p(x, y, y′, . . . , y(n−1))|y|k sign y, n > 4, k > 1. (1)

New results are proved on asymptotic behavior of blow-up and Kneser (see [1, Defi-

nition 13.1]) solutions to this equation. To prove the results the equation reduce to

a dynamical system on an (n - 1)-dimensional compact sphere (see [6]). We study

the behavior of the trajectories of this system corresponding to constant-sign parts

of solutions of (1). By this method the asymptotic classification of solutions to (1)

with n = 3, 4 was also obtained (see [7]).

Theorem 1. Suppose p ∈ C(Rn+1)
∩
Lipy0,...,yn−1(R

n) and p → p0 > 0 as

x → x∗, y0 → ∞, . . . , yn−1 → ∞. Then for any integer n > 4 there exists K > 1

such that for any real k ∈ (1, K), any solution to equation (1) tending to +∞ as

x→ x∗ − 0 has power-law asymptotic behavior, namely

y(x) = C(x∗ − x)−α(1 + o(1)) (2)

with

α =
n

k − 1
, Ck−1 =

1

p0

n−1∏
j=0

(j + α) . (3)

Theorem 2. Suppose p ∈ C(Rn+1)
∩
Lipy0,...,yn−1(R

n) and (−1)n p → p0 > 0 as

x → ∞, y0 → 0, . . . , yn−1 → 0. Then for any integer n > 4 there exists K > 1 such

that all Kneser solutions to equation (1) with any real k ∈ (1, K) tend to zero with

power-law asymptotic behavior, namely

y(x) = C(x− x∗)−α(1 + o(1)), x→ ∞, (4)

with some x∗ and α, C given by (3).
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Earlier it was proved that for n = 3, 4 all blow-up and Kneser solutions to

equation (1) have the power-law asymptotic behavior (see [2], [3]). It was also

proved for equation (1 ) with (−1)n p ≡ p0 > 0 for sufficiently large n (see [4]) and

for n = 12, 13, 14 (see [5]) that there exists k > 1 such that equation (1) has a

solution with non-power-law behavior, namely

y(x) = (x− x∗)−α h(log (x− x∗)), (5)

where h is a positive periodic non-constant function on R. For blow-up solutions

see also [5]–[6].
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Equivariant simple singularities and their classification

Astashov E.

Lomonosov Moscow State University, Department of Mechanics and Mathematics

ast-ea@yandex.ru

Given two linear representations of a group G on Cn and on C, we call a function

f : Cn → C equivariant with respect to the given representations if for all λ ∈

G, z ∈ Cn the condition f(λ · z) = λ · f(z) holds. Similar definitions can be

given for holomorphic function germs at 0 and for zero-preserving biholomorphic

automorphisms of Cn and their germs at 0.

The group DGG
n of equivariant biholomorphic germs Φ: (Cn, 0) → (Cn, 0) acts

on the space OGG
n of equivariant function germs f : (Cn, 0) → (C, 0). The space OGG

n

is split into orbits of this action. The same is true for all spaces jrOGG
n of r-jets at

0 of germs from OGG
n . The orbit DGG

n (jrg) ⊂ jrOGG
n is said to be adjacent to the

orbit DGG
n (jrf) if any neighborhood of some (and therefore any) point in DGG

n (jrf)

intersects with DGG
n (jrg).

A germ f ∈ OGG
n is called equivariant simple with respect to the given rep-

resentations of the group G on the source and target if for all r ∈ N the orbit

DGG
n (jrf) ⊂ jrOGG

n has only a finite number of adjacent orbits, and this number is

bounded from above by a constant M independent of r.

Two germs f, g ∈ OGG
n are called equivariant right equivalent if there exists a

germ Φ ∈ DGG
n such that g = f ◦ Φ. There exists a general problem to classify all

equivariant simple function germs in OGG
n with a critical point at 0 ∈ Cn (for a

given group G and a pair of its linear representations on Cn and on C) up to this

equivalence relation. This problem is a natural generalization of a similar problem
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for the non-equivariant case that has been solved by V.I.Arnold in [1]. Particular

cases of the general problem for G = Z2 are treated in [2] and [3].

In the talk I will present some recent results related to the general problem for the

case of a cyclic group G = Zm. In particular, a complete classification of equivariant

simple singular function germs of two and three variables for the group G = Z3 will

be given. Some of the presented results can be found in [4], [5].
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Spiral chaos in a predator-prey model
with disease in the predator

Bakhanova Yu.V.

Lobachevsky State University of Nizhny Novgorod

jul95-8@mail.ru

In this work we present some results of the investigation of chaotic behavior

in a predator-prey model with disease in the predator [1]. We show that chaotic

attractor in this system appears due to Shilnikov scenario [2]: stable equilibrium

⇒ (Andronov-Hopf bifurcation) ⇒ stable limit cycle + saddle-focus equilibrium ⇒

the unstable invariant manifold of saddle-focus winds on the stable limit cycle ⇒

the limit cycle loses its stability (due to cascade of period doubling bifurcations) ⇒

the unstable invariant manifold touches one-dimensional stable invariant manifold

and forms homoclinic trajectory to the saddle-focus with negative saddle value.

In addition we calculate diagrams of maximal Lyapunov exponents and found 2

periodicity hubs – codimension two points to which bifurcation curves of stable limit

cycles and the regions with chaotic behavior accumulate by a spiral way [3]. We

show that these 2 hubs "are connected" by the bifurcation curves of the homoclinic

trajectories to the saddle-focus.
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Chimera states in a modified Kuramoto model with inertia

N.V. Barabash, V.N. Belykh

Volga state university of water transport
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We consider dynamics of the modified Kuramoto model with inertia

βϕ̈i + ϕ̇i = ωi − µ sinϕi +
1

N

N∑
j=1

kij sin(ϕj − ϕi), i = 1, N, (6)

where β > 0, µ > 0, kij = kεij, ωi - natural frequency of the i - th oscillator.

In the case β = 0, µ = 0 the system (6) takes the form of classical Kuramoto

model. In contrast to classical Kuramoto model the uncoupled system (6) for β =

0, kij ≡ 0 is determined by the first-order phase equation ϕ̇i = ωi − µ sinϕi. The

case of "spatially" homogeneous system (6) for kij = k, ωi = ω, i, j = 1, 2, . . . , N

which has 2D invariant manifold M(2) = {φi = φ, i = 1, 2, . . . , N} is considered

in the talk. The main result of this work is that for some parameters region there

exists an invariant 4D manifold

M(4) = {φ1 = φ2 = · · · = φm = φ, φm+1 = φm+2 = · · · = φN = ψ} of the system

(6) which does not coincide with M(2). It contains a stable periodic orbit P , a

variable φ along which oscillates, and the variable ψ rotates (Fig.1).
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Figure 1: Projections of periodic orbit P of the system (6) on the planes (φ, φ̇), (ψ, ψ̇) manifesting

the chimera state.

The synchronous variables φ1 = φ2 = · · · = φm for
m

N
< q <

1

2
correspond to

the "chimera" (in a homogeneous system (6) the periodic orbit P is inhomogeneous:
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φ differs from ψ). Sufficient conditions for the existence of the manifold M(4)

are obtained using comparison systems. In addition, for the system (6) sufficient

conditions for complete synchronization are analytically studied.

This work was supported by the RFBR grant No. 15-01-08776.

Synchronization phenomena and
crowd dynamics on a wobbly bridge

V.N. Belykh

Volga state university of water transport

belykh@unn.ru

In the talk we discuss the "locking-in" and "pulling-in" phenomena discovered by

Van der Pol in 1920-th. As well, our results on the Huygens clocks synchronization

(1660-th) are presented. These phenomena have a direct bearing on the problem of

synchronization of pedestrians on a wobbly bridge. This problem is the main goal

of this talk. We first introduce an inverted pendulum model of pedestrian balance,

and use it in the equations of pedestrians-bridge interaction of the form

ẍi + fi(xi, ẋi) = −ÿ, ÿ + 2hẏ + Ω2y = −r
n∑
i=1

ẍi,

where xi is lateral coordinate of i-th pedestrian, y is bridge coordinate and the

function fi defines the pedestrian movement. We derive explicit analytical conditions

under which phase locking and bridge wobbling appear in the system when the crowd

size exceeds a threshold value.

This work was supported by the RFBR grant No. 15-01-08776.

Breather chimeras in the system of phase oscillators
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1 Research Institute for Supercomputing, Nizhny Novgorod State University
2 Institute of Applied Physics, Russian Academy of Sciences

3 Institute for Physics and Astronomy, University of Potsdam
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8



We study formation of chimeras in a one-dimensional medium of identical oscil-

lators with nonlinear coupling. This coupling crucially depends on the local order

parameter measuring the level of synchrony: the coupling promotes synchrony for

asynchronous states and breaks synchrony if it is strong [1]. As a result, spatially ho-

mogenous state in this medium is that of partial synchrony. To study the evolution

of this state we formulate the problem in terms of the local complex order param-

eter, which describes local level of synchrony, and formulate the system of partial

differential equations for this quantity [2]. This allows us to formulate the problem

of inhomogeneous states as the pattern formation one. First, we construct station-

ary chimeras and explore their linear stability properties. Next, based on numerical

modeling, we show that within a certain range of parameters, such structures can

evolve into periodically varying long-lived chimera states (breather-chimeras), or,

for other values of the parameters, turn into more complex regimes with irregular

behavior of the local order parameter (turbulent chimeras) [3].

The work was supported by RSF grants i 17-12-01534 and i 14-12-00811.
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A task for a student’s practical work. Qualitative and
numerical studies of ordinary differential equations
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Dedicated to the memory of N. S. Bakhvalov

Nikolai S.Bakhvalov was in search of a task for the 4th year students of the

Faculty of Mechanics and Mathematics of the Moscow State University. Such a
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task, that students might perform during the lesson in the computer class, after

listening to the course of ordinary differential equations and studying the course

"Computational methods" [3]. Moreover, such a task that is impossible or very

difficult to perform without a computer. Alexey F. Filippov gave him a list of

calculating tests of the 50th years, and Nikolai Sergeyevich chose one of them. This

task [1, 2] was formulated as follows: to check whether periodic solutions for a given

two-dimensional system of differential equations exist. If periodic solutions exist,

then it is required to find their periods. This task was supported by the head of the

Department of Mathematics of the Faculty of Mechanics and Mathematics of the

Moscow State University academician Andrei Nikolaevich Kolmogorov, who noted

that it may be useful for solving the 16th Hilbert’s problem. To deliver various tasks

to students, N.N.Chentsova selected 12 systems of ordinary differential equations,

depending on the real parameter. These systems have been partially investigated in

various sources. The values of the parameters for which there is certainly a periodic

solution were chosen by N.N.Chentsova on the basis of the theorems known earlier,

her qualitative studies and numerically by computer. Further, the require to build

a phase portrait was added, i.e.

1. Please, find all the singular points of the system (in explicit form and numerically

by a computer using the Newton’s method). 2. Please, determine the type of each

finite singular point. Please find the eigenvectors and eigenvalues (the Jacobian ma-

trix at the singular point is calculated in explicit form and numerically by a computer

using the optimal step choice).

3. Please, draw by hand sketches of orbits of trajectories in the neighbourhood

of each finite singular point, using point 2. 4.Please, approximately by a computer

(using the optimal step choice of Runge-Kutta methods) calculate the trajectories

you have selected and graphically depict them on the computer screen (including

periodic solutions and separatrices of the saddles).

Further, the require to investigate bifurcations on parameter was added.

Task list:
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1.

 x′ = y,

y′ = −x+ d · (1− x2) · y,
2.

 x′ = x+ y − d · x3,

y′ = −x+ y − y3,

3.

 x′ = y + x3 − d · x5,

y′ = −x+ y3 − d · y5,
4.

 x′ = x+ y − x · (x2 + x · y + y2),

y′ = −x+ y − d · y · (x2 + x · y + y2),

5.

 x′ = y,

y′ = d · y − x− x2 · y,
6.

 x′ = −y + d · (x2 + y2 − d) · x,

y′ = x+ d · (x2 + y2 − d) · y,

7.

 x′ = y,

y′ = −0, 2 · d2 − d · x+ x2 + x · y,
8.

 x′ = d · x+ y + x2 + y2,

y′ = d · y − x+ x2 + 2 · y2,

9.

 x′ = d · x+ y + x2 + 2 · y2,

y′ = d · y − x+ 2 · x2 + 5 · y2,
10.

 x′ = y,

y′ = d · y − x− y3,

11.

 x′ = y,

y′ = −d · x+ y − x2 · y − x3,
12.

 x′ = y,

y′ = d · y − x− x2 · y + x3.

The values of the parameter d:

variant student d1 d2 d3 variant student d1 d2 d3
7 7 -0.1 0.1 2.2

1 1 -1.0 0.1 4.0 7 13 -0.05 0.3 3.1
1 24 -2.5 0.35 3.6 7 30 0.02 0.2 2.0
2 2 0.1 2.4 8.3 8 8 -0.01 0.01 1.0
2 23 0.08 1.2 7.1 8 14 -0.007 0.007 0.4
2 35 0.04 5.8 6.8 8 29 -1.0 0.009 0.05
3 3 -0.5 0.5 3.4 9 9 -0.01 0.01 1.0
3 22 -1.2 0.9 4.6 9 15 -0.005 0.005 0.5
3 34 -2.0 1.5 5.2 9 28 -1.0 0.005 0.05
4 4 0.1 3.7 10.0 10 10 -1.0 1.0 3.0
4 21 -0.1 2.3 7.1 10 16 -2.0 1.5 3.3
4 33 -0.5 4.1 8.7 10 27 -0.5 0.5 5.0
5 5 -1.1 0.2 4.7 11 11 -3.0 1.0 6.0
5 20 -2.5 0.8 10.0 11 17 -2.0 -0.02 2.0
5 32 -3.0 0.5 7.4 11 26 -0.01 0.1 3.5
6 6 -1.0 2.0 5.4 12 12 -0.01 0.01 1.0
6 19 -2.2 3.3 6.5 12 18 -0.004 0.004 0.4
6 31 -3.0 4.2 9.0 12 25 -1.0 0.005 0.09
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Stochasticity of the dynamic system.
Sufficient conditions for testing
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Dedicated to the memory of L.P.Shilnikov

The autogenerator with the tunnel diode is given in [1] by the following system

of differential equations (compare with systems in [2]):


ẋ = y − δ · z,

ẏ = −x+ 2 · γ · y + α · z,

µż = x− f(z).

(1)

In [4, 5] the function f(z) is given as a piecewise linear function:

f(z) =


2 · (z − 1), z ≥ 2/3,

−z, −2/3 ≤ z ≤ 2/3,

2 · (z + 1), z ≤ −2/3.

(2)

Theorem. For all parameters α, β, γ, δ ∈ R of a non-empty neighborhood ∆

containing the point (α = 1/4, γ = 1/4, δ = 1/2) the Poincare map π of the plane z =

2/3 into itself contains a smooth Smale’s horseshoe with k connected components

(k = 4) (see the definition in [3], [10]) and is stochastic in the sence of [3-8] as

µ→ +0.

In particular, there exists a π-invariant hyperbolic set Ω, which is a Cantor

perfect set. Ω contains kn periodic points of period n (see pictures in [9]).

For the proof (see [5]), the conditions of uniform hyperbolicity of the

of the Poincare map π : (x, y) → (f(x, y), g(x, y))

12



∣∣∣∣∣∣∣∣∂f∂x
∣∣∣∣∣∣∣∣ < 1,

∣∣∣∣∣
∣∣∣∣∣
(
∂g

∂y

)−1
∣∣∣∣∣
∣∣∣∣∣ < 1,

∣∣∣∣∣
∣∣∣∣∣
(
∂g

∂y

)−1

· ∂g
∂x

∣∣∣∣∣
∣∣∣∣∣ ·

∣∣∣∣∣∣∣∣∂f∂y
∣∣∣∣∣∣∣∣ < [

1−
∣∣∣∣∣∣∣∣∂f∂x

∣∣∣∣∣∣∣∣] ·

[
1−

∣∣∣∣∣
∣∣∣∣∣
(
∂g

∂y

)−1
∣∣∣∣∣
∣∣∣∣∣
]
,

on each connected component are tested, using the analytic representation of the

part of the solution, which is inside of one of the three domains given by the parti-

tion (2) and the asymptotic expansions as the parameter µ → +0. The geometric

configuration of the initial horseshoe decomposition into k connected components

and the existence of foliations are also checked.
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Scattering maps and Arnold diffusion in Hamiltonian systems
for complete families of perturbations

Delshams A.

University Politechnica Catalunia

Amadeu.Delshams@upc.edu

We prove that for any non-trivial perturbation depending on any two indepen-

dent harmonics of a pendulum and a rotor there is global instability. Similar results

apply for one pendulum and two rotors. The proof is based on the geometrical

method and relies on the concrete computation of several scattering maps. A com-

plete description of the different kinds of local scattering maps taking place as well

as the existence of piecewise smooth global scattering maps is also provided. This

is a joint work with Rodrigo G. Schaefer, also from UPC.

Topological states of matter as bifurcations of
trajectories of Schrödinger equation in periodic potential

Elena Derunova1, Mazhar N. Ali1

1Max Planck Institute of Microstructure Physics, Germany.

derunova-el@mail.ru, maz@berkeley.edu

Topological physics has been one of the most rapidly developing fields in the last

decade. The main idea is to study connections of the vector bundle generated by

a gauge field for the trajectories of a dynamical system determined by Schrödinger

equation:

i~
dψ(x)

dt
= Hψ(x)

H = − ~2

2m
∇2 + U, Uψ(x+R) = Uψ(x)
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The periodicity of the potential U demands the solution to have a form, eiπkuk(x).

Hence the spectrum of the Hamiltonian is also parametrised by k, which can be as-

sociated with the gauge field. For a fermionic spinless system, multiple (degenerate)

eigenvalues are not allowed, but in numerical study such a situation occurs and can

be protected by crystal symmetries which are used in the simulation of the periodic

potential. This problem is resolved by introducing a spin degree of freedom. In this

case electrons in a crystal show a spin dependent behavior such as spin textures, the

spin Hall effect, and spin ordering (magnetism). The development of a predictive

analysis of such properties in real compounds is one of the most important goals for

theoretical physics. Here we introduce mathematical tools that physicists use for

attacking these issues; emphasizing the concept of Berry curvature on the Hamilto-

nian spectrum and the Kubo computational formalism for the calculation of certain

transport properties (and its connection with degenerate points in spectrum). The

spin dependent properties mentioned above are essentially a bifurcation of the quan-

tum system from the non-ergodic to ergodic regime and thus can be studied in the

dynamical system theory environment in combination with topological tools used

now and we aim to discuss the open questions of this field.

On the local equilibrium of equations
system of Godunov-Sultangazin

S. A. Dukhnovskiy

National Research Moscow State University of Civil Engineering, Moscow

sergeidukhnvskijj@rambler.ru

The main equation of the kinetic theory is the Boltzmann equation [1]. We

consider the discrete kinetic system of the Godunov – Sultangazin equations [2,5]:

∂tu+ ∂xu =
1

ε
(v2 − uw) (7)

∂tv = −2

ε
(v2 − uw)

∂tw − ∂xw =
1

ε
(v2 − uw)

v(0) = v0, u(0) = u0, w(0) = w0.
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This system describes a gas consisting of three groups of particles moving along a

straight line where u(x, t), v(x, t), w(x, t) are densities of particles. The Godunov –

Sultangazin system is a model system for the Boltzmann kinetic equation. There

are another models such as Carleman, Broadwell [3,4]. The local equilibrium of

solutions of the Cauchy problem with bounded energy and periodic initial conditions

are investigated. Under certain general assumptions, the solutions of the problem

tends to equilibrium state.

1. Boltzmann L., "Lectures on Gas Theory", University of California Press, 1964,

490 p.

2. Godunov S. K., Sultangazin U. M., "On discrete models of the kinetic Boltz-

mann equation," Russian Math. Surveys, 1971, Vol. 26, No. 3, Pp. 1 –

56.

3. Dukhnovskii S.A., "On a speed of solutions stabilization of the Cauchy problem

for the Carleman equation with periodic initial data", Vestn. Samar. Gos.

Tekhn. Univ., 2017, Vol. 21, No. 1, Pp. 7 – 41.

4. Radkevich E. V., Vasilieva O. A., Dukhnovskii S. A., "Local equilibrium of

the Carleman equation", Journal of Mathematical Sciences, 2015, Vol. 207,

No. 2, Pp. 296 – 323.

5. Vasilieva O. A., Dukhnovskii S. A., Radkevich E. V., "On the nature of local

equilibrium in the Carleman and Godunov – Sultangazin equations", Part 3,

CMFD, Vol. 60. Moscow, PFUR, 2016, Pp. 23 – 81.
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On behavior of oscillating solutions to the second-order
Emden–Fowler type differential equations

near the boundaries of domain

Dulina K.M.

Plekhanov Russian University of Economics

sun-ksi@mail.ru

Consider the second-order Emden–Fowler type differential equation

y” + p(x, y, y′) |y|k sgn y = 0, k > 0, k ̸= 1, (8)

with the positive potential p = p(x, u, v) defined on R×R2. Assume that the poten-

tial p is continuous in x and Lipschitz continuous in u, v and satisfies inequalities:

0 < m ≤ p(x, u, v) ≤M < +∞. (9)

It was proved [1] that all nontrivial maximally extended solutions and their first

derivatives to equation (8) are oscillating near the boundaries of domain. Zeroes xj

of solutions and zeroes x′j of their first derivatives alternate, i. e.

. . . < xj−1 < x′j < xj < x′j+1 < . . . , j ∈ Z.

I.T. Kiguradze and T.A. Chanturia [2] described the asymptotic behavior of all so-

lutions to equation (8) in the case p = p(x). The results on asymptotic classification

of maximally extended oscillating solutions to the third- and the fourth-order sim-

ilar differential equations are given by I.V. Astashova [3], [Chapter 6], and [3,4,5].

Moreover, it was proved [2] that if p = p(x) is a positive locally integrable function

of locally bounded variation, then any nontrivial right-maximally extended solu-

tion to equation (8) is proper, i. e. it is defined in a neighborhood of +∞ and

sup{|y(s)| : s ≥ t} > 0.

Using the methods described in [3] we investigate the behavior of solutions to

equation (8) near the boundaries of domain. The assumption that function p be of

locally bounded variation is essential (see [6]). For k > 1 an example is given of

a continuous function p = p(x) satisfying inequalities (9) such that there exists a

solution to (8) with a resonance asymptote x = x∗ ( lim
x→x∗

y(x) = +∞, lim
x→x∗

y(x) =
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−∞). Step by step we construct the continuous function p and the oscillating

solution y(x) to equation (8). On each step we also estimate the distance between

consecutive zeroes xj+1 − xj.

Furthermore, we obtain the sufficient conditions on the function p = p(x) guar-

anteeing that all nontrivial maximally extended solutions to equation (8) are defined

on the whole axis.

Theorem.Suppose k ∈ (0, 1) ∪ (1, +∞), p = p(x) is a continuous function

of globally bounded variation satisfying inequalities (9). Then for any nontrivial

maximally extended solution y(x) to (8) the following finite positive limits exist:

lim
j→±∞

|y′(xj)|, lim
j→±∞

|y(x′j)|, lim
j→±∞

(xj+1 − xj).

Moreover, we prove that the assumption of globally bounded variation for func-

tion p(x) is essential for the existence of the finite positive limits lim
j→±∞

|y′(xj)|,

lim
j→±∞

|y(x′j)|, lim
j→±∞

(xj+1 − xj). An example of a continuous function p(x) > 0

(satisfying inequalities (9) but not of globally bounded variation) is given (see [?])

such that there exists an unbounded proper solution y(x) such that lim
j→+∞

|y′(xj)| =

lim
j→+∞

|y(x′j)| = +∞. Also an example of a continuous function p(x) > 0 (satisfying

inequalities (9) but not of globally bounded variation) is given [?] such that there

exists a nontrivial proper oscillating solution tending to zero with its first derivative

as x→ +∞.

[1] K. M. Dulina and T.A. Korchemkina, Asymptotic classification of solutions to second-order Emden–

Fowler type differential equations with positive potential. (Russian) Differential Equations. 51 (2015), no.

11, 1547–1548.
[2] I. T. Kiguradze, T. A. Chanturia, Asymptotic properties of solutions of nonautonomous ordinary

differential equations. Kluwer Academic Publishers, Dordrecht-Boston-London, 1993.
[3] I. V. Astashova. Qualitative properties of solutions to quasilinear ordinary differential equations.

(Russian) In: Astashova I.V. (ed.) Qualitative properties of solutions to differential equations and related

topics of spectral analysis: scientific edition, UNITY-DANA Publ., Moscow, (2012), 22–290.
[4] I. V. Astashova, On asymptotic classification of solutions to fourth-order differential equations with

singular power nonlinearity, Mathematical Modeling and Analysis. 21 (2016), no. 4, 502–521.
[5] I. V. Astashova, On qualitative properties and asymptotic behavior of solutions to higher-order

nonlinear differential equations, WSEAS Transactions on Mathematics. 16 (2017), no. 5, 39–47.
[6] K. Dulina, Asymptotic classification of solutions to second-order Emden–Fowler type differential

equations. (Russian) PhD dissertation, speciality 01.01.02 – Differential equations, dynamical systems and

optimal control, Moscow State University, Moscow, 2017.
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Miquel dynamics on 2x2 periodic circle patterns

Glutsyuk, A.A.; Ramassamy, S.

A.G.: CNRS, ENS de Lyon and Higher School of Economics (Moscow); S.R.: ENS de Lyon

aglutsyu@ens-lyon.fr; sanjay.ramassamy@ens-lyon.fr

The circle patterns were introduced to suggest a way to uniformize graphs on

surfaces: embedded graphs with quadrilateral faces such that each face is inscribed

in a circle. We will describe a dynamical system on the space of circle patterns

with Z2 square grid combinatorics: the Miquel dynamics. Its definition is based

on a classical theorem of plane geometry: Miquel six circles theorem. There is a

conjecture stating that this system is integrable. We consider its restriction to the

2x2 periodic circle patterns and present some results partly confirming its integrable

nature. Namely we show that the complexification of the space under question is

a fibration by invariant elliptic curves (canonically realized as binodal quartics in

CP2), and on each elliptic curve the dynamics acts by a shift.

Acknowledgements. Research of A.A.Glutsyuk was supported by part by

RFBR grants 16-01-00748 and 16-01-00766.

Structurally stable systems and topology of ambient

manifold

V. Z. Grines

Report is devoted to exposition of results concerning of interrelation between

dynamics of structurally stable system and topology of ambient manifolds.

For systems with regular dynamics we will discuss what role heteroclinic inter-

sections of stable and unstable invariant manifolds of saddle equilibrium states of

flows and saddle periodic points of cascades play in topological structure of ambient

manifolds.
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For cascades with chaotic dynamics we will show how dimension and type of

basic sets belonging to nonwandering set are connected with topology of ambient

manifolds.

The author thanks the Russian Foundation for Basic Research (project nos. 15-

01-03687-a) and Russian Science Foundation (project no 14-41-00044) for financial

support.

Dynamics of solenoidal basic sets

N. V. Isaenkova

Nizhniy Novgorod Academy of the Ministry of the Interior of the Russian Federation

nisaenkova@mail.ru

An A-diffeomorphism f : Mn → Mn is called Smale-Vietoris (in short, SV -dif-

feomorphism) if Mn contains a sub-manifold Bn def
= S1×Dn−1 (a basic sub-manifold)

such that the restriction f |Bn
def
= F satisfies the following conditions:

1. The map F is of the type F (t, z) = (g(t), w(t, z)), t ∈ S1, z ∈ Dn−1, where

g : S1 → S1 is a preserving orientation d-cover mapping, d ≥ 2;

2. For any t ∈ S1, w|{t}×Dn−1 : {t}×Dn−1 → Bn is a uniformly contracting trans-

formation {t}×Dn−1 → int ({g(t)} ×Dn−1); this means that there are 0 < λ <

1, C > 0 such that diam (F k({t}×Dn−1)) ≤ Cλkdiam ({t}×Dn−1), ∀k ∈ N.

The intersection ∩k≥0F
k(Bn) def

= Sol is a (topological) solenoid. The non-wandering

set belonging to the basic sub-manifold is in the solenoid. By Spectral Decomposi-

tion Theorem, the non-wandering set is a union of piecewise disjoin transitive closed

sets called basic sets. Recall that a basic set if nontrivial if it is not an isolated

periodic orbit. The following proposition describes basic sets in Sol ⊂ Bn.

Theorem. Given any SV -diffeomorphism f : Mn → Mn, the non-wandering

set NW (f) ∩ Bn belonging to the basic sub-manifold has a unique nontrivial basic

set Λ that is

• either a one-dimensional expanding attractor, and Λ = Sol in this case, or
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• Λ is a zero-dimensional basic set, and in this case the non-wandering set

NW (f) ∩ Bn consists of Λ, and finitely many (non zero) sink periodic orbit,

and finitely many (possibly zero) isolated saddle periodic orbits.

The both cases above are realized.

The author thanks RFFI, grant 15-01-03687-а, for the support.

Bacterial drift velocity along the gradient
of the chemoattractant concentration

Kalyakulina A.I., Pankratova E.V., Zaburdaev V.Yu.

Lobachevsky State University of Nizhny Novgorod

kalyakulina.alena@gmail.com

The study of the microorganisms chemotaxis phenomena is actively developing

at present [1-4]. Recent experimental observations revealed several types of ran-

dom walks, that determine the characteristics of the various bacteria motor reaction

in response to chemical stimulus in the environment. The most well-known and

well-studied example is the strategy of the Escherichia coli movement – rod-shaped

bacteria, which is widely spread in the lower intestines of the warm-blooded ani-

mals. The movement of this bacteria consists of a series of smooth movements (with

duration of a few seconds), interspersed by short turns (with duration about a tenth

of a second). The distribution of angles between the directions of motion before

and after the turn shows a single peak corresponding to approximately 70◦. The

efficiency of chemotaxis of bacteria using a strategy that does not change rotation

angle in average, were investigated using the approach proposed by de Gennes [2, 3],

and was generalized to the case of the strategy with two successive rotation angles,

one of which corresponds to turn on the random angle with the mean value of 90◦

[4]. The consideration of this particular case allowed us to show that the second

considered strategy is more effective than the strategy of a movement, for example,

E. coli, as it provides a higher drift velocity of the bacteria.

Recent experimental studies have shown that a random walk of the bacterium

Vibrio alginolyticus can be represented in the form of alternations between the

two different average values of the angles, one of which depends on the size of the
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bacteria, and the other is equal to the average of 172◦ [5]. It should be noted

that in this case the calculation of the drift velocity becomes non-trivial due to

the necessity to take into account the history of the bacteria movement. Following

the ideas of de Gennes, we analytically calculated the drift velocity for this case.

The obtained results show a complete match with the special cases considered in

[3,4]. It is noteworthy that the studied model allows to take into account the degree

cell populations heterogeneity and to relate differences in the cells behavior in the

population with their size.

The work is supported by the RSF (project 16-12-10496).

1. H.C. Berg, D.A. Brown. Nature 239, 500 (1972).

2. P.G. de Gennes. Eur. Biophys. J. 33, 691–693 (2004).

3. J. T. Locsei. J. Math. Biol. 55, 41 (2007).

4. J. Taktikos, H. Stark, V. Zaburdaev. PLOS ONE 12(8) (2013).

5. K.M. Taute, S. Gude, S.J. Tans, T.S. Shimizu. Nature Communications 6:8776

(2015).

Behavior of spatially inhomogeneous solutions of
nonlinear optical system

Kashchenko I.

P.G. Demidov Yaroslavl State University

iskaschenko@gmail.com

Consider equation with a deviation of spatial variable

∂u

∂t
+ u = ε

∂2u

∂x2
+K sinu(t, x− h) (1)

and periodic boundary conditions

u(t, x+ 2π) ≡ u(t, x). (2)

This problem was introduced to describe some nonlinear effects in optic [1]. Here

0 < ε ≪ 1, K ∈ R. The parameter h, which characterizes the deviation of the
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spatial variable (rotation of the field by an angle h), is close to rationally multiples

of 2π, i.e. for some relatively prime numbers m1 and m2 we have relation

h = 2π
m1

m2

+ µ,

where µ is another one small parameter: 0 < µ≪ 1.

Let u0 be a homogeneous equilibrium state (1), (2): u0 = K sin u0. We’ll study

behavior of solutions (1), (2) in some neighborhood of u0.

The most interesting case is a situation when parameter p = K cosu0 is clode

to −1. This mean that for sufficiently small ν (0 < ν ≪ 1) p = −1 − ν. So,

problem contains three small parameters: ε, µ and ν. It is shown that their ratio is

very important and has a significant impact on both the results and the course of

research.

In the critical case real parts of infinite number of roots of characteristic equation

λk = −1 + p exp(−ikh)− εk2 (k = 0,±1,±2, . . .).

tend to zero as ε, µ, ν → 0. Thus we can say that the realized critical case has

infinite dimension.

The main result is that the original problem reduces to the so-called quasinormal

form. This is a family of nonlinear equations that don’t depend on small parameters

whose solutions give the principal parts of the asymptotic approximation of the

solutions of the original problem uniform for all t ≥ 0. Depending on ration between

small parameters quasinormal forms may be parabolic equations with one or two

spatial variables [2].

References

[1] S. A. Akhmanov and M. A. Vorontsov, in Nonlinear Waves. Dynamics and Evo-

lution. Nauka, Moscow, 1989, pp. 228–238 [in Russian].

[2] I. S. Kashchenko and S. A. Kashchenko Rapidly Oscillating Spatially Inhomo-

geneous Structures in Coherent Nonlinear Optical Systems // Doklady Mathe-

matics, 2010, Vol. 82, No. 3, pp. 850–853.
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On a wild spiral attractor in four dimension flows

A.O. Kazakov1

1 National Research University High School of Economics,

25/12 Bolshaya Pecherskaya Ulitsa, 603155 Nizhny Novgorod, Russia

kazakovdz@yandex.ru

Until recently, only the hyperbolic attractors and Lorenz attractors could be

considered as genuine strange attractors of smooth dynamical systems. However,

the situation has been changed after the work of Turaev and Shilnikov [1], where a

new class of genuine strange attractors was introduced, the so-called wild hyperbolic

attractors. These attractors, unlike hyperbolic and Lorenz ones, admit the existence

of homoclinic tangencies. However, these tangencies, unlike homoclinic tangencies

in systems with quasiattractors, do not lead to the appearance of stable periodic

orbits.

In this work we present an example of a four-dimensional flow with a wild spi-

ral attractor containing an equilibrium state of the saddle-focus type. One of the

main features of the Turaev-Shilnikov spiral attractor is that it possesses an pseudo-

hyperbolic structure. Speaking shortly, this feature means that, in a neighborhood

D of the attractor, there is a “weak” version of hyperbolicity: there is a partition of D

into subsets (strongly contracting and volume expanding), that are transversal and

invariant with respect to the differential, such that on one of them there takes place

exponential contraction along all directions, and on the other – exponential expan-

sion of the volume. It is also required that such a partition depends continuously

on a point from D.

The work was supported by RSF grant 17-11-01041.

[1] D.Turaev, L.P. Shilnikov, An example of a wild strange attractor. // Sbornik:

Mathematics. 1998, Vol. 189, No. 2, pp. 291–314.
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Transient and periodic spatiotemporal structures in a
reaction-diffusion-mechanics cardiac system

V.A. Kostin1,2 and G.V. Osipov3

1 National Research University Higher School of Economics, Nizhny Novgorod
2 Institute of Applied Physics, Russian Academy of Sciences, Nizhny Novgorod

3 Lobachevsky State University of Nizhny Novgorod

The reaction-diffusion-mechanics models are the models used to describe self-

consistent electromechanical activity in a cardiac muscle. Such models couples two

mechanisms of signal spreading in the tissue: the slow (reaction-diffusion) spreading

of electrical excitation and the fast (almost instantaneous) spreading of mechani-

cal deformations. This coupling may significantly modify the electrical excitation

spreading and corresponding contractile activity with emergence of new spatiotem-

poral structures and patterns, which modification is not yet completely understood

even in the one-dimensional case of a single muscle fiber. We propose clear con-

venient model which allows one to study the electromechanical activity of such a

fiber in relation to the mechanical parameters of fiber fixation (such as stiffness of

tissue fixation and the applied mechanical load, which can be easily controlled in

experiments). Using this model, we determine and analyze the physical origin of the

primary dynamical effects which can be caused by electromechanical coupling and

mechanoelectrical feedback in a cardiac tissue.

On the basis of the reaction-diffusion-mechanics model with the self-consistent

electromechanical coupling, we have numerically analyzed the emergence of struc-

tures and wave propagation in the excitable contractile fiber for various contraction

types (isotonic, isometric, and auxotonic) and electromechanical coupling strengths.

We have identified two main regimes of excitation spreading along the fiber: (i) the

common quasi-steady-state propagation and (ii) the simultaneous ignition of the ma-

jor fiber part and have obtained the analytical estimate for the boundary between

the regimes in the parameter space. The uncommon oscillatory regimes have been

found for the FitzHugh—Nagumo-like system: (i) the propagation of the soliton-

like waves with the boundary reflections and (ii) the clusterized self-oscillations.

The single space-time localized stimulus has been shown to be able to induce long-
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lasting transient activity as a result of the after-excitation effect when the just

excited fiber parts are reexcited due to the electromechanical global coupling. The

results obtained demonstrate the wide variety of possible dynamical regimes in the

electromechanical activity of the cardiac tissue and the significant role of the me-

chanical fixation properties (particularly, the contraction type), which role should

be taken into consideration in similar studies. In experiments with isolated cardiac

fibers and cells, these parameters can be relatively easily controlled, which opens a

way to assess electrical and mechanical parameters of the fibers and cells through

analysis of dynamical regimes as dependent on fixation stiffness and external force.

In real heart, high blood pressure and hindered blood flow play similar role to the

applied external force and increased fixation stiffness. Our results provide a hint of

how such global (i.e., associated with the large areas of the heart tissue) parameters

can affect the heart electrical and contraction activity.

On periodic perturbations of an asymmetric
pendulum type equation

Kostromina O.S.

Lobachevsky State University of Nizhny Novgorod

os.kostromina@yandex.ru

We study time-periodic perturbations of an asymmetric pendulum type equation

close to an integrable equation. We find structures of resonance zones and global

behavior of solutions of this equation in the cells separated from unperturbed sepa-

ratrices. The problem of the existence of homoclinic structures in the neighborhood

of unperturbed separatrices is discussed. We reveal possible cases of relative posi-

tion of the separatrices of a trivial fixed saddle point for the Poincare map. The

bifurcation diagram for the Poincare map on the plane of the control parameters

separating domains of existence of different homoclinic structures is constructed.

This work was partially supported by RFBR, grant No 16-01-00364 A, and RSF,

grant No 14-41-00044.

26



On homoclinic attractors of three-dimensional systems
with constant divergency

Kozlov A.

Lobachevsky State University of Nizhny Novgorod

kozzzloff@list.ru

In this paper we focus on the problem of existence of homoclinic attractors

in three-dimensional flows ẋ = y, ẏ = z, ż = Ax + By + Cz + g(x, y), g(0, 0) =

g′x(0, 0) = g′y(0, 0) = 0. Homoclinic attractors are the strange attractors which

contain only one (saddle) equilibrium point. The type of such attractors is defined by

eigenvalues of the equilibrium point, which depend only on parameters A,B, and C.

A method of saddle charts (two-parameter diagram in which regions with different

eigenvalues are drawn with different colors) along with methods of charts of maximal

Lyapunov exponent and charts of the distance between an attractor and a saddle

point (to verify that a saddle point belongs to the attractor) are used for searching

and classifying of homoclinic attractors. Using these methods we found attractors

of Spiral and Shilnikov types as well as non-symmetrical Lorenz-like attractor.

The work was supported by RSF grant 17-11-01041.

Euler characteristic of a surface glued of a 2n-gon

V. E. Kruglov

National Research University Higher School of Economics, Nizhny Novgorod;

Lobachevsky State University of Nizhny Novgorod;

kruglovslava21@mail.ru

The result was obtained in collaboration with G.N. Talanova and O.V. Pochinka.

We consider surfaces glued of 2n-gon. D. Zagier and J. Harer once concidered

such orientable surfaces and described the number of ways of gluing a 2n-gon to an

orientable surface of genus q (the Harer-Zagier numbers).

The canonical variant of gluing the 4q-gon creating the orientable surface of

genus q. But this variant is not single, and one can glue the same polygon to the

surfaces of different genus (for example, the square one can glue to the torus, the
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sphere, the Klein bottle, the projective plane). It is simple to recognize orientability

of the received surface. But to calculate the genus or the Euler characteristic is quite

hard work for surfaces that may not be orientable.

To solve the problem we triangle the polygon and put in correspondence with

it the three-colour graph. Each vertex of the graph is incident to three edges of

three colour: u, s or t. Each vertex corresponds to a triangular region of the 2n-

gon, each edge corresponds to common segment of boundary that restrict regions

corresponding to the vertices incident to the edge. We mean half-diagonals as t-sides,

half-medians as u-sides, half-sides of the 2n-gon as s-sides.

The main result of our work is that the Euler characteristic χ(S) of a surface S

may be calculated by the formula

χ(S) = ν − n+ 1, (10)

where ν is the number of st-cyces of the three-colour graph.

Our proof we base on the Morse-Smale flows theory.

The work was supported by RFBR grants No 15-01-03687 a, 16-51-10005 Ko a.

Local bifurcations in the periodic boundary value problem
for one version of the generalized Kuramoto-Sivashinsky equation

A. Kulikov, D. Kulikov

Demidov Yaroslavl state university

kulikov_d_a@mail.ru

In connection with the problems of describing of the nanorelief the following

equation (see, for example, [1])

ut + uxxxx + βuxx + γuxxx + a1(u
2)xx + a2(u

2)xxx = 0 (1)

was proposed (β, γ, a1, a2 ∈ R). Eq. (1) is called "the conserved Kuramoto-

Sivashinsky equation with broken parity". Usually, Eq. (1) is considered with

the periodic boundary conditions. Without violation of generality, one can assume

that

u(t, x+ 2π) = u(t, x). (2)
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At the analysis of the boundary value problem (1), (2), it is advisable to discriminate

two cases: 1) a1 = 0; 2)a1 ̸= 0, but always a2 ̸= 0. Here, we consider the premier

case a1 = 0, but always the right side of Eq. (1) has zero spatial mean. Therefore,

M0(u) =
1

2π

2π∫
0

u(t, x)dx = C, c ∈ R.

Consequently, any solution is representable as u(t, x) = c+w(t, x), c ∈ R,M0(w) = 0.

For w(t, x) we obtain the following boundary value problem

wt = A(c) + F (w),

w(t, x+ 2π) = w(t, x), M0(w) = 0,

where A(c)w = −wxxxx − bwxx − awxxx, b = β, a = γ + 2a2c (a1 = 0), F (w) =

−a2(w2)xxx.

The linear differential operator (LDO) A(c) has the family of eigenvalues

λn = τn ± iσn, where τn = −n4 + bn2, σ = σn(c) = an3 corresponding to the

eigenfunction exp(inx), n = ±1,±2, . . .

Let b = 1+νε, ν = 16a22/(3(4+a
2)) > 0. Consequently, λ±1(ε) = νε+iσ1, σ1 = a.

Determine LDO A(ε) as A(ε)v = A0v + εBv,A0v = −vxxxx − vxx − avxxx,

Bv = −νvxx, v = v(x) and consider the nonlinear boundary value problem

wt = A0w + εBw + F (w), (3)

w(t, x+ 2π) = w(t, x), M0(w) = 0. (4)

Theorem 1. There exists ε0 > 0 such that for all ε ∈ (0, ε0). Problem (3),(4)

has orbitally exponentially stable cycle Cl(ε) formed by the periodic solution

wp(t, x, ε, c) = ε1/2w1(t, x) + εw2(t, x) + ε3/2w3(t, x) + o(ε3/2),

w1(t, x) = q(t, x) + q(t, x), w2(t, x) = η2q
2(t, x) + η2q

2(t, x),

w3(t, x) = η3q
3(t, x) + η3q

3(t, x), q(t, x) = exp(ix+ iσ(ε, c)t+ φ0), φ0 ∈ R,

σ(ε, c) = a+ εw + o(ε), ω = − 8a

3(4 + a2)
, η2 = −4(a− 2i)

3(4 + a2)
a2, η3 = −3

6− a2 + 5ia

a4 + 13a2 + 36
a22.

Let us return to the boundary value problem (1), (2) with a1 = 0, b = β = 1+νε.

The cycle Cl(ε) of the boundary value problem (3), (4) generate the local attractor
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M2 = M2(c, φ0) (dimM = 2) of the principal boundary value problem (1), (2). For

the solutions belonging to M2 the representation

u(t, x, ε) = c+ wp(t, x, ε, φ0, c) (5)

is valid. The invariant manifold M2 is filled with periodic solution of the period

T (c) = 2π/|σ|, σ = σ(c) if σ ̸= 0. If σ = 0 we have the family of equilibrium states.

Theorem 2. All solutions (5) are unstable in the sense of the Lyapunov defini-

tion for the norm of the Sobolev space W 4
2 [0, 2π].

Here, the part of the results from the paper [2] is presented where the case a1 ̸= 0

was also studied.

The work was supported by the research of Yaroslavl state university VIP-008.
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Rational parametrisation approach
in some dynamical systems problems

Lázaro J.T.

Universitat Politècnica de Catalunya

jose.tomas.lazaro@upc.edu

In this talk we will show how the use of rational parametrisations can ease

the study of the number of solutions of many systems which involve polynomial

equations and square roots of some polynomials. We illustrate its effectiveness

applying it to several problems appearing in dynamical systems. Our examples

include Abelian integrals, Melnikov functions and a couple of questions in Celestial

Mechanics: the computation of some relative equilibria and the study of some central

configurations.
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This is a joint work with Armengol Gasull and Joan Torregrosa from Universitat

Autònoma de Barcelona.

On interrelations of divergence-free and Hamiltonian dynamics

L. Lerman, E. Yakovlev

Lobachevsky State University of Nizhny Novgorod, Russia

lermanl@mm.unn.ru

It is a rather frequent case when the study of liquid flows in the Lagrangian

description discovers structures characteristic for Hamiltonian dynamics. To show

the interrelations between these two types of dynamics we present some calcula-

tions which have to demonstrate how symplectic 2-dimensional maps arise in the

Lagrangian description of liquid flows.

The investigations carried out show that if the flow generated by a divergence-

free vector field has a cross-section, then the related Poincaré map is symplectic and

all known results on such maps are applicable. But, of course, it is not obligatory,

when the flow has a global cross-section. For instance, the well known ABC flow

most likely does not have global cross-section. On the other hand, majority of such

flows have periodic orbits, hence local cross-sections exist.

If a divergence-free vector field X on an oriented smooth 3-manifold (M,Ω) have

a global cross-section, then M is diffeomorphic to the suspension over a diffeomor-

phism P : N → N and a roof function F : N → R being the return time F (x) for

the orbit through x ∈ N .

The constructions made imply that there is a symplectic 2-form ω on N such

that P is a symplectic diffeomorphism w.r.t. ω : P ∗ω = ω. We show that there is a

4-dimensional smooth symplectic manifold (M̃,Λ) and a smooth Hamilton function

H on M̃ such that the Hamiltonian vector field XH on some its level H = c coincides

with the vector field X.

Now suppose a vector field on M is integrable, that is, it has a smooth integral

F which satisfies the identity dF (X) ≡ 0. Then M is foliated into levels of this

function F = c. A natural question in this case arises: do some restrictions exist

on the topology of levels of function F and flows generated by X on the invariant
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subset F = c. Recall that usually the integrability of 3-dimensional vector fields

requires to have two independent (almost everywhere) integrals.

Proposition. If X has a discrete set of equilibria, then almost all nondegenerate

compact levels of F are 2-tori. The flow on such a torus has not equilibria and

preserves a smooth measure.

Let us choose some angle variables (φ, ψ) on Σ. Then 2-form ωn takes the form

a(φ, ψ)dφ ∧ dψ with the smooth doubly periodic positive a and the vector field

has the form φ̇ = A(φ, ψ), ψ̇ = B(φ, ψ), where A2 + B2 ̸= 0 and both smooth

functions A,B are doubly periodic. Measure preservation means the identity holds
∂
∂φ
(aA) + ∂

∂ψ
(aB) = 0. Denote

λ1 =

∫
Σ

Aadφ ∧ dψ, λ2 =
∫
Σ

Badφ ∧ dψ.

The main role in the orbit dynamics on the torus Σ plays the number λ = λ1/λ2

called the Poincaré rotation number. As is known, if λ is rational or one of λi is

equal to zero, then all orbits of the flow are periodic (this is because of the existence

of a smooth invariant measure). But if λ is irrational and the flow is of smoothness

C2 then all orbits on the torus are transitive. More subtle effects of ergodicity of the

flow are related with the arithmetic type of λ and a smoothness of functions A,B

(Kolmogorov).

The integrability of a Hamiltonian vector field XH on some its level does not

imply its integrability on the whole phase space. As an example, consider a pertur-

bation of an integrable vector field H = H0 + εH1. One can choose the function H1

in the form H1 = (H0−c)F where c is a fixed constant such that on the level H0 = c

the integrable system XH0 has some integrable structure, and a function F can be

taken arbitrarily. Let Jx : T ∗
xM → TxM be the isomorphism between 1-forms and

vector fields on M defined by the symplectic form Λ. Then JdH is the Hamiltonian

vector field generated by function H. Thus we get

J(dH0 + εFdH0 + ε(H0 − c)dF ).

On the set H = c we have (H0 − c)(1 + εF ) = 0, thus it is a level of the function

H and therefore is the invariant submanifold where the dynamics is integrable since

32



on this level XH = J(1 + εF )dH0 that is obtained by the change time from the

integrable vector field XH0 on the level H0 = c and so has the integrable structure.

It is evident that function F can be chosen in such a way that the complete dynamics

would be nonintegrable.

The impact of the electrical couplings
on the dynamics of neural ensemble

Levanova T.A., Korotkov A.G.

Lobachevsky State University, Nizhny Novgorod

With the rapid rise in technology for the precision detection and modulation of

electrical signaling patterns in the nervous system, a new class of treatments known

as bioelectronic medicines [1]. Specifically, the peripheral nervous system will be

at the center of these advances, as the functions it controls in chronic diseases are

extensive and its small number of fibers per nerve renders them more tractable to

targeted modulation. The vision for bioelectronic medicines is one of miniature, im-

plantable devices [2] that can be attached to individual peripheral nerves anywhere

in the viscera, extending beyond early clinical examples in hypertension and sleep

apnoea. Such devices will be able to decipher and modulate neural signaling pat-

terns, achieving therapeutic effects that are targeted at single functions of specific

organs. This precision could be further enhanced through closed-loop control using

devices that can record neural electrical activity and physiological parameters, ana-

lyze the data in real time and modulate neural signaling accordingly. For this vision

to be realized, a solid research foundation for bioelectronic medicines is needed. De-

veloping new mathematical models for more deep understanding of the peripheral

neural system and its governing role, as well as further studies of brain functioning,

methods of stimulation for eliminating pathological processes (for example, deep

brain stimulation), and neural coding principles in central neural system and pe-

ripheral system is a part of roadmap in the field of bioelectronic medicine. Progress

in understanding of functioning of electrical couplings in neural system and their

role in evolution of neural activity is not only of theoretical merit, but in practi-

cal relevance in development of theoretical base of bioelectronic medicine and new
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methods and approaches for treatment of neural diseases that are characterized by

poor advances in its pharmacological treatment.

We study influence of strength and topology of electrical couplings on regimes of

neuron-like activity in phenomenological model of neuronal ensembles with chemical

(synaptic) and electrical couplings. Individual element in this case is modeled using

FitzHugh-Nagumo equations. In previous studies ensembles of neuron-like elements

with only chemical inhibitory couplings were studied [3]. In this paper different

dynamical regimes that can be observed in the case of chemical couplings’ parameters

changing were studied. However, for more biological relevant results it is necessary to

take in account the influence of coupling strength and topology of electrical couplings

between elements as well as nonidentity of elements as it was described in various

neurobiological literature [4]. We study the influence of strength and topology of

electrical couplings on dynamics of ensemble of neuron-like nonidentical elements

with chemical inhibitory couplings.

We consider the network of three spiking neurons τ1
dxi(t)
dt

= xi − 1
3
x3i (t)− yi(t)− zi(t)(xi(t)− v) + Si;

dyi(t)
dt

= xi(t)− byi(t) + a; i = 1, 2, 3.
(11)

synaptically inhibitory connected through the coupling zi(t), which is defined by

{
τ2
dzi(t)
dt

=
∑

j gijF (xj)− zi(t). (12)

Here xi(t) denotes the membrane potential of the i-th neuron, yi(t) — the vari-

able corresponding to the action of all ionic currents, Si — the external stimuli to

each neuron, v — the reversal potential, g(ij) the coupling coefficients between the

i-th and j-th neuron and F (xj) = 1/(1 + exp((0.5?xj)/20). The values of the pa-

rameters are fixed in all simulations to a = 0.7, b = 0.8, τ1 = 0.08, τ2 = 3.1, and

v =?1.5, and we chose the parameter Si = 0.35 that corresponds to tonic spiking

regime of individual uncoupled neurons. Depending on the level of nonsymmetry

of inhibitory coupling, this simple network demonstrates the variety of dynamical

regimes, including multistable regimes with one neuron active (generates spiking

oscillations) and two other neurons suppressed (generate subthreshold oscillations),

multistable regimes with two neurons active and one suppressed, regime of syn-
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chronous in-phase spiking oscillations of all three neurons x1 = x2 = x3, and various

regimes of sequential activation of the neurons [3].

In order to model the impact of electrical couplings we added term dij(xi+1 −

2xi + xi−1) to the right part of the first equation in (11). Here dij is the strength of

electrical coupling between i-th and j-th neuron.

To study this system we built maps of the largest Lyapunov exponents depending

values of the electrical couplings and mark regions of different regimes that can be

observed in the system on it. We show that adding electrical couplings leads to

occurrence of new types of dynamics, including complex chaotic regimes.

This study was supported by RSF grant 17-72-10228.
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Dynamics of Van der Pol neuron-like elements with
chemical and electrical couplings

Levanova T.A., Kazakov A.O., Korotkov A.G., Osipov G.V.

Lobachevsky State University, Nizhny Novgorod

We study the influence of strength and topology of electrical couplings on neuron-

like activity regimes in simple phenomenological model of neural ensemble with

chemical (synaptical) and electrical couplings. We apply the models and methods

of nonlinear dynamics to problems of bioelectronics medicine [1], namely, to studies

of the role of electrical couplings in functioning of the neural system. We transfer

approaches that are well-established for the networks of synaptically coupled neurons

on the case of complex networks of nonidentical elements with different types of

couplings, including electrical couplings.

We study the motif of three coupled neuron-like elements. Individual element in

this case is modeled using Van der Pol equations. In previous studies, we studied

ensembles of neuron-like elements with only chemical inhibitory couplings [2]. In

this paper different dynamical regimes that can be observed in the case of chemical
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couplings’ parameters changing were studied. However, for more biological relevant

results it is necessary to take in account the influence of coupling strength and

topology of electrical couplings between elements as well as nonidentity of elements

as it was described in various neurobiological literature [3]. We study the influence of

strength and topology of electrical couplings on dynamics of ensemble of neuron-like

nonidentical elements with chemical inhibitory couplings.

The model ẍj − µ[λ(xj, ẋj)− x2j ]ẋj + ω2
jxj + d(xj+1 − 2xj + xj−1) = 0,

j = 1, 2, 3.
(13)

Variable xj phenomenologically describes changing in membrane potential of j-th

element. Electrical couplings between elements are described by d(xj+1 − 2xj +

xj−1), where parameter d is the strength of electrical coupling. Chemical (synaptic)

inhibitory couplings are described using parameter λ

λ(xj, ẋj) = 1− g1F (
√
x2j+1 + ẋ2j+1)− g2F (

√
x2j−1 + ẋ2j−1),

where g1 and g2 are strength of inhibitory clockwise and anti-clockwise couplings

respectively. Function F (z) is an activation function with threshold value z0 that

phenomenologically describes the main principle of synaptic coupling:

F (z) =
1

1 + exp(−k ∗ (z − z0))
.

It is well known that in real experiments frequencies that are registered for different

neurons and neuronal clusters are differ. We describe this fact by adding to the

system (13) new parameter of frequency mismatch ∆, that can be set as ∆ =

ω2 − ω1 = ω3 − ω2.

To study this system we built maps of the largest Lyapunov exponents on plane

(∆, d) and mark regions of different regimes that can be observed in the system

on it. We show that adding electrical couplings and frequency mismatch leads to

occurrence of new types of dynamics, including periodic, quasiperiodic and chaotic,

and study bifurcation scenarios of transitions between observed regimes.

This study was supported by RFBR grants 16-32-00835 and 16-01-00364.
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About Bifurcations in a Parabolic Equation with
Small Diffusion and Deflection Space Variable

Loginov D.O.

Yaroslavl State University

SEMC «Center integriruemih sistem»

dimonl@inbox.ru

We consider bifurcations of self-oscillations in a boundary-value problem of parabolic

type with small diffusion and deviation of the spatial variable.

∂u

∂t
= ε

∂2u

∂x2
+ κ(ux+s) + F (u), 0 < ε≪ 1

with periodic boundary conditions

u(t, x+ 2π) ≡ u(t, x), (x ∈ (−∞,+∞)).

It is shown that the critical case in the problem of a stable point stability has

infinite dimension. On the basis of the method of normal forms, it is possible

to obtain certain universal systems of equations of parabolic type. The established

regimes of these equations make it possible to determine the structure of the solutions

of the original boundary value problem. A characteristic feature of these solutions

is strong oscillation over the spatial variable, and situations are also possible where,

as the parameter before the diffusion coefficient decreases, an infinite change in the

"birth" and "death" of a stable autowave occurs. The simplest critical cases are

considered in a certain sense. An algorithm for the asymptotic investigation of the

entire set of solutions lying in a neighborhood of the equilibrium state is developed.

To describe them on the basis of the method of normal and quasinormal forms, it is

shown that the dynamic properties of solutions have a high sensitivity to a change

in the "small" parameter characterizing the diffusion coefficient.
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Nonunique maximal measures for
Lorenz maps and their perturbations

Malkin M.I.

Lobachevsky State University of Nizhny Novgorod

malkin@unn.ru

A family of difference equations Φλ(yn, yn+1, . . . , yn+m) = 0, n ∈ Z, of order m

with parameters λ (multidimensional, in general) is considered near nonperturbed

value λ0 at which the function Φ is in two variables only :

Φλ0(x0, . . . , xm) = ξ(xN , xN+L),

where 0 ≤ N,N+L ≤ m. It is also assumed that the implicit function induced by the

equation ξ(x, y) = 0 has a piecewise monotone, piecewise smooth branch y = φ(x)

with positive topological entropy: htop(φ) > 0. Under above assumptions it was

proved in [1] that for perturbed difference equations with parameters λ near λ0, there

is a closed (in the product topology) shift-invariant set of solutions such that the

shift map restricted to this set has positive topological entropy which approximates

the value htop(φ)/|L|.

Now in the talk we show that if the branch φ is a Lorenz map (nonsymmetric,

in general) then it has at most two ergodic measures of maximal entropy htop(φ),

and for perturbed difference equations these measures can be continued in order to

construct invariant measures with positive entropy (sufficiently close to htop(φ)/|L|))

when restricted to correspondent invariant sets of solutions.
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Omega-limit sets of C1 Anosov diffeomorphisms

S. S. Minkov, A. V. Okunev, I.S. Shilin

Institute of Electronic Control Mashins, Moscow, Russia.

HSE, Moscow, Russia.

MCCME, Moscow, Russia.

We discuss some interesting properties of Milnor attractor and SRB-measure for

C1 Anosov diffeomorphisms. Sometimes C1 Anosov diffeomorphisms have the non-

trivial Milnor attractor and SRB-measure (this is not the case for C1+α). We now

know that the support of SRB-measure is exactly a Smale horseshoe of zero measure

in our exapmle. Still, typically the Milnor attractor of a C1 Anosov diffeomorphism

is the whole phase space. Actually, the set of Anosov diffeomrphisms with non-trivial

attractors avoiding the open set is nowhere dense.

Our results also demonstrate one have no hope for zero Hausdorff dimension

of the SRB-measure support or Milnor attractor for any Anosov diffeomorphism

or circle doubling. On the other hand, we can construct the explicit example of a

topological doubling with only one point SRB-measure support, but this is correct

neither for a smooth doubling, nor for Milnor attractors.
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On quasi-periodic perturbations of two-dimensional

Hamiltonian systems

A.D. Morozov, K.E. Morozov

Lobachevsky State University of Nizhny Novgorod, morozov@mm.unn.ru

We study quasi-periodic (with m frequencies) non-conservative perturbations

of two-dimensional Hamiltonian systems. The matter of solutions behavior in the

neighborhood of resonance and non-resonance levels of energy is discussed. We find

conditions for the existence of resonance quasi-periodic solutions (m-dimensional

resonance tori). Our results are illustrated by an example of the Duffing equation.

Entire solutions with various periodic structures
for some semi-linear elliptic equations

Naryshkin P. E.

Saint-Petersburg State University

p.e.naryshkin@gmail.com

We construct entire bounded solutions to the equation

∆u− u+ u3 = 0 in R2

which have various types of symmetries (rectangular, triangular and hexagonal).

Our approach allows us to construct them using concentration theorems and sym-

metry considerations. We also discuss some generalisations.
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The study of influence of periodical perturbation on
homoclinic trajectory to saddle-focus equilibrium

in Shilnikov attractors.
Osipova M., Korotkov A., Kazakov A.

In this work the influence of periodical perturbation on homoclinic trajectory

to saddle-focus equilibrium in Shilnikov attractors is studied. It is well known that

homoclinic loop to saddle-focus equilibrium in Shilnikov attractors for flows is non-

transversal. In the same time for discrete Shilnikov attractors stable and unstable

invariant manifolds intersect transversally and this homoclinic structure does not

disappear with small changes in parameters. Dependence of size of existence inter-

val such homoclinic structure on value of perturbance is studied.

Existence of Inhomogeneous Domain Walls
in Nanomagnetic Structures

I. Ovsyannikov, L. Siemer

University of Bremen

ivan.i.ovsyannikov@gmail.com

The interaction between spin-polarized current and magnetization in nano-scaled

ferromagnetic bodies can produce dynamical behavior that has potential applica-

tions in magnetic storage technology and spintronics. In the presence of a constant

applied field and a spin polarized current, the dynamics driven by the joint action

of magnetic field and spin torque can be studied by adding a spin-transfer term, the

so-called Slonczewski term, in the direction of the current (current-perpendicular-

to-plane (CPP) configuration) to the well-known Landau-Lifschitz-Gilbert equation.

Focusing on an axially symmetric setup, we study the existence of domain wall-

type coherent structures. We will distinguish between two types of DW: homoge-

neous and inhomogeneous ones. Especially inhomogeneous DW can lead to new

spin driven phenomena and may have potential application in spin-torque transfer

MRAM (Magnetoresistive random-access memory).
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The wild Fox-Artin arc in invariant sets of dynamical systems

O. V. Pochinka

National Research University Higher School of Economics, Nizhny Novgorod

olga-pochinka@yandex.ru

In the present paper we show the role that the wild arc of Fox-Artin [1] plays in

dynamics. The Fox-Artin arc appeared in dynamics For the first time in 1977 thanks

to D. Pixton [2]. Pixton constructed a Morse-Smale diffeomorphism on the 3-sphere

with a unique saddle point such that one of the unstable separatrices of this saddle

and its stable separatrix form the Fox–Artin arc. This “wild” property showed that

an energy Morse function does not exist for Morse-Smale diffeomorphisms in general

(notice that for arbitrary Morse-Smale flows an energy function always exists). In

2005 K. Kuperberg [3] constructed on any arbitrary orientable 3-manifold without

boundary a continuous flow with a discrete set of fixed points and such that the

closure of every non-trivial semi-trajectory is the Fox–Artin arc.

In the present paper we show how the Fox–Artin arc naturally emerges as an

element of a heteroclinic intersection for regular 4-diffeomorphisms.

Funding: This work was supported by the Russian Science Foundation (project

17-11-01041).
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Nonlinear Dynamics in Two Models of
Bubble Contrast Agents
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In this talk we consider dynamical systems for the description of the oscillations

of spherical gas bubbles in a liquid. We investigate two models, in one of which

a bubble is encapsulated in a shell, and in another one we considered a non–shell

bubble. In both cases bubbles are oscillating close to an elastic wall of finite thickness

under the influence of external pressure field. The shell term is chosen according to

the de-Jong model. These models can be used for the simulation of the behavior

of an ultrasound contrast agent close to a blood vessel wall. The main aim of

this work is to investigate nonlinear dynamics of spherical gas bubbles within the

above mentioned models and determine possible types of attractors existing in these

systems.

We show that for the case of a non-encapsulated bubble there can exist a single

periodic attractor, multiple periodic attractors, a single chaotic attractor and a

chaotic attractor coexisting with periodic one. The last scenario seems to be the

most complex one for this model. Note that the considered dynamical systems do

not have any fixed points, thus, we use the perpetual points method for localization

of the regions where attractors can coexist. We show that this method does not

always indicates areas of coexisting of attractors. We demonstrate that there are

examples, where perpetual points do not exist in a reasonable subset of the initial

conditions space, but different attractors can coexist. A similar situation can be

observed in the case of existence of two different attractors and only one perpetual

point.

As far as the de-Jong model for an encapsulated bubble is concerned, it seems

that there are no areas of physically realistic parameters where two different attrac-

tors coexist. On the other hand, we demonstrate existence of a single either periodic
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or chaotic attractor for different values of the parameters in this system. We also in-

vestigate the dependence of type of dynamics on the two control parameters that are

magnitude and frequency of the external pressure field. Consequently, we conclude

that shelled bubbles much less tend to unpredictable behavior, to which coexistence

of attractors of different types can lead.

This work is supported by Russian Science Foundation, grant number 17-71-

10241.
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We study dynamics and bifurcations of 2-dimensional reversible maps having two

symmetric each other saddle fixed points O1 and O2 involving into nontransversal

heteroclinic cycles of various types. We assume that the Jacobian of the map is

less than 1 in O1 and, thus, by the reversibility, it is greater than 1 in O2. Thus,

we consider a class of nontransversal heteroclinic cycles in the so-called a priori

nonconservative case [1]. We consider one-parameter families of reversible maps

unfolding the initial heteroclinic or homoclinic tangency and prove the existence

of infinitely many intervals, where there are dense parameter values corresponding

to coexistence of infinitely many asymptotically stable (sinks), unstable (sources),

saddle and elliptic periodic orbits. Such intervals are called the absolute Newhouse

intervals (or Newhouse intervals with reversible mixed dynamics). Thus, we prove

the RMD-conjecture (Reversible Mixed Dynamics conjecture) from [1] for the a pri-

ori nonconservative case.

[1] A. Delshams, S.V. Gonchenko, V.S. Gonchenko, J.T. Lazaro, O. Sten’kin,

Abundance of attracting, repelling and elliptic periodic orbits in two-dimensional

reversible maps // Nonlinearity, 26 (2013), 1–33.
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Asymptotic states in disordered open quantum systems:
localization and dynamics

Yusipov I.I.1, Laptyeva T.V.1, Ivanchenko M.V.1, Denisov S.V.1, 2

1Lobachevsky State University of Nizhny Novgorod
2Institute of Physics, University of Augsburg, Germany

yusipov.igor@gmail.com

In a single-particle quantum system isolated from the external environment, spa-

tial disorder can lead to Anderson localization [1]. It is expected that this phe-

nomenon, as being the result of interference of waves, may not be preserved in the

case when there is dissipation in the system.

In this work it is shown, that dissipation can lead the system to a stable state

with tunable localization properties. The dissipation is given by a set of special

dissipative operators, each of which acts on a pair of lattice sites and varies by a

phase, that controls the selection of Anderson modes corresponding to the state [2].

We consider the evolution of an open quantum system of dimension N , which is

given by the Lindblad equation [3, 4]:

ϱ̇ = L(ϱ) = −i[H, ϱ] +D(ϱ). (14)

The first term on the right-hand side of this equation is responsible for the

unitary evolution of the system given by the Hamiltonian H:

H =
∑
k

εkb
†
kbk −

(
b†kbk+1 + b†k+1bk

)
, (15)

where εk ∈ [−W/2,W/2] – random uncorrelated energy on the site, W – disorder,

bk and b†k – operators of destruction and birth of bosons on the site.

The dissipative part of the Lindblad equation consists of a set S of dissipative

operators {Vk}1,...,S:

D(ϱ) =
S∑
k=1

γk(t)

[
VkϱV

†
k − 1

2
{V †

k Vk, ϱ}
]
. (16)

Dissipative operators are defined as follows:

Vk =
(
b†k + eiαb†k+l

) (
bk − e−iαbk+l

)
, (17)
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where α is the phase of the dissipator.

We demonstrate how dissipation can be used for crating stable states gener-

ated by some localized modes of the Hamiltonian, determined by the phase of the

corresponding dissipative operators [5].

It is also demonstrated that at the microscopic level, the quantum trajectories of

the system in an asymptotic regime have a periodic dynamics consisting of long-term

sticking events near selected modes, interrupted by intermode jumps.

The obtained results open new perspectives in the engineering of dissipative

regimes in quantum systems and can find application in the development of stable

quantum computations.

1. 50 Years of Anderson Localization, ed. by E. Abrahams (World Scientific,

2010).

2. S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Buchler, P. Zoller, Nature

Physics 4, 878 (2008).

3. H.-P. Breuer, F. Petruccione, The Theory of Open Quantum Systems (Oxford

University Press, Oxford, 2002).

4. R. Alicki, K. Lendi, 1987, Quantum Dynamical Semigroups and Applications,

Lecture Notes in Physics, Vol. 286 (Springer, Berlin).

5. I. Yusipov, T. Laptyeva, S. Denisov, and M. Ivanchenko, Localization in Open

Quantum Systems, Phys. Rev. Lett. 118, 070402 (2017).

Morse-Smale dynamical systems with few non-wandering points

Zhuzhoma E. Medvedev V.

National Research University Higher School of Economics
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We consider Morse-Smale flows and diffeomorphisms with the non-wandering set

consisting of three fixed points (two nodes and a saddle). We study the topological

structure of supporting manifolds. The question of the topological classification is

considered also.

This work was supported by Russian Scientific Found (RNF), project 17-11-

01041.
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Sergey Makovkin, Mikhail Ivanchenko, Sarika Jalan, and Alexey Zaikin

PACS numbers:

In work we investigate impact of the glial cells activities on synchronizability of neural cells in multiplex networks
framework. Connections among the glial cells form a regular star like periodical structure in which each cell is
connected to the four other neighbour cells whereas connections, among neural cells are represented by an Erdős -
Rényi random network with average quantity connections is equal by four.

The dynamical evolution of the nodes in this multiplex network is given by bidirectionally coupled phase oscillators:

dθi
dt

= ωi +

N×N×2∑
j=1

σijAijsin(θj − θi) (1)

where θi, ωi are phase and natural frequency of the ith oscillator, the latter taken randomly from uniform dis-
tributions. Characteristic time scales of neural spiking are about an order of magnitude faster than the time scale

of chemical dynamics of glial cells, hence, we set the mean frequencies ω
(g)
0 = 1 and ω

(n)
0 = 10. Aij = 0, 1 are

adjacency matrix elements, and coupling strength takes values σi,j = σg, σn, σng, specific for interglial, interneural,
and glial-neural interactions, respectively.

At first case we focus on the case when neural and glial layers are not coupled. Our aim is twofold: we want to
capture the effect of network topology on synchronization and study size dependence. The main results in case of
uncoupled layers are here:

• Kuramoto order parameter r in neural layer does not depend from layer size and has classical Kuramoto like
behaviour (”all-to-all” links).

• In glial layer Kuramoto order parameter strongly depends from layer size: rglial decrease due to layer size
increasing .

• In limit N →∞ parameter rglial → 0, that correspond to 1-D nodes chains (they has no mean field) .

At second case neural and glial layers are coupled. We can conclude several points about synchronization case:

• Mean field in glial layer is born with the interaction of neural layer.

FIG. 1: (Color online) Kuramoto mean-field (a) and frequency (b) synchronization in the layers of different topology in
dependence on the system size, N ×N . Here σn = σg = σ and the interlayer coupling is zero, σng = 0.

The gains and losses of synchrony in multiplex neural-glial networks
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2

FIG. 2: (Color online) Two-parameter diagrams for the color-coded subnetwork order parameters, ρg and ρn (a, b), and
frequency standard deviations, ∆Ωg and ∆Ωn (c, d). Here N ×N = 100 × 100.

• There is partial desynchronization in glial and neuron layers.

• There is abrupt transition to synchronization.

The work is supported by the RSF (Agreement . 16-12-00077).
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ТРАНСФОРМАЦИИ БЕЗСДВИГОВЫХ КАМ КРИВЫХ В
ОБРАТИМЫХ СИСТЕМАХ ПРИ НАРУШЕНИИ

СИММЕТРИИ
А.Ж. Рахманова, А.В. Савин

Саратовский государственный университет им. Н. Г. Чернышевского
E-mail: chekmareva.aliya@mail.ru

Гамильтоновы системы с нарушением условия невырожденности
встречаются в моделях различной природы, в том числе динамики жидкостей,
физики плазмы, небесной механики [1-7]. Известно, что локальное нарушение
условия невырожденности подразумевает существование тора с максимум или
минимум значения частоты, так называемые безсдвиговые торы. В окрестности
безсдвиговых (nontwist) торов происходят различные явления [1-9], такие как
переключение сепаратрис, столкновение цепочек островков, переключение
многообразий гиперболических точек в хаотическом режиме.

Целью настоящей работы является поиск безсдвиговых торов в
обратимых системах с симметрией, а также исследование их трансформаций
при нарушении симметрии.

Рассмотрим цепочку связанных фазовых осцилляторов [8]:

.    (1)

где ε - коэффициент взаимодействия, ψk = φk+1 - φk – разности фаз соседних
осцилляторов, Δk = ωk+1 - ωk - частотная расстройка.

Если связь между осцилляторами симметричная, то при некотором
значении ε наблюдается экстремум на графике зависимости числа вращения от
одной из координат [7]. Это означает, что при данном значении параметра
существует безсдвиговый тор.

В настоящей работе был рассмотрен частный случай четырех связанных
осцилляторов с асимметричной функцией связи, в которой был введен параметр
d, управляющий степенью нарушения симметрии.

Для данной системы были подсчитаны числа вращения для различных
значений управляющего параметра  на плоскости , являющейся
плоскостью сечения Пуанкаре. График зависимость числа вращения от
начальных условий для фазы  при значении фазы при εc=0.348
и dc=0.16 представлен на рис.1. На рис.1 явно виден экстремум при некотором
значении фазовой координаты .

Также был построен график зависимости ляпуновских показателей и их
суммы от уровня нарушения симметрии при фиксированном коэффициенте
взаимодействия, причем начальные условия выбирались такие же, как при
построении рис.1.
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На рис.2 видно, что при значениях параметров εc и dc наблюдается
положительный пик. Из этого можно сделать вывод, что при введении
асимметрии в систему безсдвиговый тор переходит в хаотический аттрактор.

Библиографический список
[1] J. E. Howard and S. M. Hohs, Phys. Rev. A29 (1984)
[2] J. E. Howard and J. Humpherys, Physica D80 (1995), 256
[3] D. del-Castillo-Negrete, J. M. Greene and P. J. Morrison, Physica D, 91 (1996), 1
[4] Shinohara S., Aizawa Y. The breakup condition of shearless KAM curves in the quadratic map
//Progress of theoretical physics. – 1997. – Т. 97. – №. 3. – С. 379-385.
[5] Shinohara S., Aizawa Y. Indicators of reconnection processes and transition to global chaos in
nontwist maps //Progress of theoretical physics. – 1998. – Т. 100. – №. 2. – С. 219-233.
[6] Shinohara S., Aizawa Y. On the diagram for the onset of global chaos and reconnection
phenomena in the quadratic nontwist map //Progress of Theoretical Physics Supplement. – 2000. –
Т. 139. – С. 527-534.
[7] Altmann E. G., Cristadoro G., Pazó D. Nontwist non-Hamiltonian systems //Physical Review E.
– 2006. – Т. 73. – №. 5. – С. 056201.
[8] D. Topaj and A. Pikovsky, Physica D 170, 118 (2002).
[9] Kudo K., Monteiro T. S. Quantum transport and spin dynamics on shearless tori //Physical
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Рис.1. График зависимости числа вращения от значения фазы  при значениях
управляющих параметров: εc=0.348 и dc=0.16.

Рис.2. График зависимости ляпуновских показателей и их суммы от степени нарушения
симметрии при ε=0.348: старший показатель – синий, младший – оранжевый, сумма - зеленый
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Generator of fractal voltage: practical scheme  
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In the report presented the electrical scheme of the device which is able to give out signal:  
M

n
n

nn
M tbatW

1
0 )cos()( ,                                       (1)              

with parameters 10 a , 1b  and 1ba  is under consideration.  In formula (1) phases n  are 

independent random values uniformly distributed on the interval ]2,0[ . 

It is easy to check that under quite large M function (1) uniformly approximates the well-

known Weierstrass function with the same parameters:  

1
0 )cos()(

n
n

nn tbatW .                                       (2)              

The autocorrelation function of the signal (1) is equal to: 

)cos(
2

1
)()( 0

1

2 n
M

n

n
MM batWtW ,                             (3)   

therefore it follows from expression (3) that when the output signal (1) with  
21 ab  is passed 

through the correlator we again obtain uniform approximation of  the Weierstrass  function.   

The device considered is the practical example for the A.A. Potapov's  concept of fractal radio 

systems and devices [1]. On the other hand the device suggested one can use in analogous 

simulation of growth of fractal solid state surface with cylindrical generatrix [2].    

 

The authors prepared this article during working on the project "Leading Talents of Guangdong 

Province", № 00201502 (2016-2020) in the JiNan University (China, Guangzhou). 
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In the report we apply a new method for investigation of transition to chaos in the Rikitake 

system [1]:  

213

123212

23111

1
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xxx
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,                                                (1)              

namely according to a general approach to modelling of classical dynamical systems through their 

complement to quantum states presented in [2] let us consider the following system for conjugate 

momenta of the Rikitake system:      

21123

3121132

32232111 )(

yxyxy

yxyyxy

yxyxyy







.                                         (2) 

In order to develop results obtained in [3] in this report we estimate both bispectra of system 

(2) and mutual bispectra of systems (1) and (2). 
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On asymptotic description for wave of charge in  
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Let us consider a homogeneous chain consisting of a large number of identical four-ports. 

Futhermore let each of them contains resistance, inversely shifted p-n junction connected in series 

with the resistance and capacitor. Under small characteristic size of elementary cell of this chain 

one can describe this circuit by means of nonlinear parabolic equation for electrical charge on p-n 

junction. And one can find out solution of this equation as travelling wave. If velocity of such wave 
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is quite small then in the framework of the theory of quasi-Hamiltonian systems [1] it is possible to 

construct explicit asymptotic solution of the equation for the shape of this wave.   

The report presented illustrates general approach for asymptotical analysis of travelling waves 

in reaction-diffusion equations which are essential for biological and ecological applications [2]. 

Possibility of investigation of this kind of equations by means of SPICE modelling [3] is also 

discussed.   
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On the Kulbak-Leubler entropy in quantum mechanical systems  
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Using the well-known statistical interpretation of wave function in this report we extend 

definition of the Kulbak-Leibler entropy from classical stochastic systems [1] to nonrelativistic 

quantum mechanical systems. To show the constructivity of such transfer in the report presented we 

calculate directly the Kulbak-Leibler entropy for a number of one-dimensional quantum mechanical 

examples namely for free moving particle, for particle in homogeneous field and for harmonic 

oscillator.  

This report continues the line started earlier (see [2] and references there in) and directed on 

search of analogies between radiophysics and quantum mechanics. Applications of the Kulbak-

Leibler entropy for solutions of the nonlinear Schrödinger equation and its generalizations [3] are 

also discussed. 
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This review continues the line started at report [1] demonstrating interrelations between the 

theory of  non-abelian gauge fields and theory of dynamical systems.  

The main topic of the report presented is to describe the chaotic behaviour of an anisotropic 

universe in the vicinity of cosmological singularity in accordance with papers [2, 3]. Antropogenic 

principle which selects the Universe with actually observed characteristics [4] and gives us the 

possibility to investigate neural networks dynamics [5] is also under consideration.    

The purpose of this survey is to attract attention of young representatives of L.P. Shilnikov’s 

school for nonlinear dynamics to research work in the sphere of nonlinear theory of fundamental 

fields.  
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The technique developed in the report [1] for exact calculation of total harmonic distorsions 

(THD) for voltage in oscillatory circuit with ferroelectric capacitor with negative differential 

capacitance proves to be very fruitful.  

In the report presented the technique suggested is applied to another nonlinear dynamical 

system namely to ideal Josephson junction. This device is described by differential equation of 

simple pendulum: 

φ˝+sinφ=0,                                                                   (1) 

where φ is equal to difference of phases of wave functions of superconductors forming the 

Josephson junction.   

Starting from the well-known exact solutions of equation (1) we have found THD for voltage 

on Josephson junction V=φ΄ and THD  for superconducting current I=sinφ via Josephson junction. 
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We underline that our calculations have been done for both oscillating and rotating regimes of 

equation (1).  
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The up-to-date status of researches in the problems of multiple scattering of waves by 

fractal discrete random media is presented. The multiple scattering theory for waves in media 

containing random scatterers has been learned by many authors [1-7]. In case of statistical 

consideration of waves scattering they base on the stochastic wave equation or on a system of such 

equations which the problem of wave's diffraction on a statistical ensemble is investigated and 

formulated for. Although all these researches led to discovery of some basic physical principles 

there are still many problems concerned the multiple scattering in fractal media. Issues of the 

general theory of multiple scattering of electromagnetic waves in fractal random media on the basis 

of the Foldy-Tversky classical theory modifications are considered in detail [1-3]. A designed 

modification of the non-single scattering theory allowed including values of fractal dimension D 

and fractal signature D(r, t) of disordered large system into consideration The radar equation has 

been analytically considered for an extremely fractal medium. Theoretical researches are agreed 

with previously published results of foreign authors [4, 7]. Similarly, one can prove the solution for 

anisotropic irregular fractal systems: fractal cascades enclosed to each other, graphs of fractal 

chains, percolation systems, space rubbish, clusters of drones or small-size space vehicles (SSV) 

including mini- and micro- classes, dynamical synthesized space antenna aggregations (cluster 

apertures), space-distributed cosmic systems (clusters) from small SSV for solving problems of 

emergency monitoring and so on. This research continues the author's series of papers on 

justification of application of the fractal theory, physical scaling and fractional operators in issues of 

radio physics and radiolocation [5, 8].  

The author prepared this article during working on the project "Leading Talents of 

Guangdong Province", № 00201502 (2016-2020) in the JiNan University (China, Guangzhou).  
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Environmental management is currently a priority in scientific, technical and economic 

development of many countries. The most valuable resource of our country is the presence of huge 

reserves of fresh water in natural water bodies - lakes and rivers. Therefore, the use of innovative 

technology in the protection of water resources must solve the problems of the status of aquatic 

biological resources, conducting environmental monitoring on a qualitatively higher level. 

 

Electromagnetic radiation from space is an essential factor under the action of which was the 

development of the Ecosystems of the Earth and their adaptation. Pronounced biological effect 

among the entire spectrum of electromagnetic radiation has a microwave range. The mechanism of 

action of non-thermal microwave radiation on living systems remains poorly understood. However, 

we know that it is for informational astro research character, which depends on the water content in 

the tissues of the living object and the angle of incidence of radiation. 

 

Photo.1. The generator of electromagnetic radiation of low intense in the centimetres range 

«Biorhythm-1» 
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9 positions were chosen in our experiments with different distances from source of microwave 

radiation with the angles of incidence. We chose aquarium snails (Planordis corneus var. Rubra) as 

the studied objects. 

In each position, we have investigated the movement of at least 10 individual animals. Processing 

of snails with microwave radiation power of 0.01 mW and a frequency of 2450 MHz produced by 

the generator of low intense in the centimetres range,‖ Biorhythm-1‖.We were studying the 

behaviour of animals and recording the coordinates of their movement. The studied parameters 

were: the length and the character of the trajectory, the average and the module speed, the 

orientation of the coordinate axes.  

 

By measuring the coordinates of the movement of snails were required to make calculations 

of speed and the distance snails made in each minute. Because of the huge amount of coordinate of 

movement, one of the problems was the time spent on counting the position of a snail. The solution 

to this problem was a writing a program to calculate the object speed and distance passed for every 

60 seconds. 

The program was written in C++. One of the advantages of this programming language is a 

high-performance memory, so it is well suited for this task.  

Briefly, the program structure can be described as follows. 

The data goes through a text document, in which start points and end points of position with 

an initial velocity on each coordinate are pre-recorded. Then comes the selection of a specific 

formula of acceleration and ultimate speed on the abscissa and the ordinate. 

 

Photo.2 The scheme of experiments to study behavioral responses of snails. 
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We took the snail as a material point. Because the movement of snails was straightforward, 

there were only three special cases for traffic on each of the coordinates: 

If the snail is moving with an initial velocity. 
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If the snail is moving, but the initial speed is missing. 
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If the snail didn't make the distance. 

0

0
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In accordance with the completed data, the program determines each case and considers 

according to the formulas, then outputs to a text document. 

One of the advantages of this program is its performance. The script expects the data in less than a 

second. But the main problem is that it does not have its own interface and  less functional. It 

cannot be used for another movement because the conditions are not able to change by the user. In 

the future, it is planned to refine this program for a more accurate description of the motion, 

determine the location (coordinates) of the object being studied, prediction of the behavior of a 

biological object, depending on the nature, acting on it radiation. 
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Explicit asymptotic solution of the degenerate Duffing equation

Alekseeva E.S., Rassadin A.E.
< kometarella@mail.ru>, <brat_ras@list.ru>

Starting from the theory of quasi-Hamiltonian systems [1] we have constructed explicit
asymptotic solution of the degenerate Duffing equation taking into account linear friction. This
solution proves to be exact solution of the Duffing equation with linear friction and small frequency
of linear oscillations. The result obtained is supposed to be very useful under description of
radiation of chaotic electromagnetic waves by ferroelectric or ferromagnetic generalization of the
Ueda oscillator [2] suggested in [3].
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