
International Conference-School

SHILNIKOV WORKSHOP 2020

17-18 December of 2020

Book of Abstracts

Lobachevsky State University of Nizhny Novgorod



Remark on representation of Hamiltonian systems
as curves in denumerable-dimensional space

E.S. Alekseeva1, A.E. Rassadin2

Nizhny Novgorod Mathematical Society1

National Research University "Higher School of Economics"2

kometarella@mail.ru1, brat_ras@list.ru2

Let us consider the following one-dimensional Hamiltonian system:

H(x, y) =
y2

2
+ U(x) , (1)

where potential energy U(x) has only one minimum at point x = 0 and is even function

of coordinate: U(−x) = U(x).

In this case phase plane of system (1) is bundled on closed phase trajectories corre-

sponding to different nonnegative energies E of the system: H(x, y) = E.

Under fixed total E each of these phase trajectories bounds a domain hence in ac-

cordance with [1] one can introduce for this domain the so-called harmonic moments:

τ0(E) =
1

π

∫
H(x,y)<E

dxdy , τn(E) = − 1

π n

∫
H(x,y)>E

dxdy

(x+ i y)n
, n ∈ N . (2)

Glancing at formulae (2) one can guess that input system (1) may be considered as

a curve in denumerable-dimensional space parametrized by energy E.

Moreover one can determine boundary of the domain using the well-known result

from classical mechanics [2] for inverse function of potential energy:

x(U) =
1

2
√

2

∫ U

0

dτ0(E)

dE

dE√
U − E

. (3)

Formula (3) means that curve (2) is completely defined as whole by zero-order har-

monic moment τ0(E) only.
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A method for counting of solitons for
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We consider a system of N coupled ODEs

un,xx + (µ− V (x))un − un
N∑
k=1

βkn|uk|2 = 0, n = 1, . . . , N. (1)

Here

V(x)isareal−orcomplex−valuedfunction.Weassumethatµ is a real parameter, βkn ≥ 0

and βkn = βnk, βkk = 1, n, k = 1, . . . N . The system (1) arises in the theory of Bose-

Einstein condensation. It describes stationary soliton states (SS) in a mixture of N

ultracold gases, that is governed by vector NLS (Nonlinear Schrödinger)-type equation,

iψn,t + ψn,xx − V (x)ψn − ψn
N∑
k=1

βkn|ψk|2 = 0, n = 1, . . . , N. (2)

The system (2) becomes (1) when assuming that ψn(t, x) = exp{iµt}un(x). The bound-

ary conditions for SS are

un(x)→ 0, x→ ±∞, n = 1, . . . , N.
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We address the problem of counting all coexisting SS for the given parameters βkn and

µ. For this purpose we employ the method of “filtering out” [1] of singular solutions of

(1). The method employs the fact that “the most part” of solutons of Cauchy problem

for (1) have a singularity on a real axis. Any solution of (1) that vanishes at +∞ has

the asymptotics

un(x) = ũ(x)(Cn + o(1)), x→ +∞,

where Cn ∈ R, n = 1, . . . , N , and ũ(x) is the solution of linearized problem

uxx + (µ− V (x))u = 0

that vanishes at +∞. So, our numerics consists in scanning of the space (C1, . . . , CN)

seeking for solutions that are not singular and selecting among them the solutions that

vanish also at −∞ . Since the procedure admits efficient parallelization, for numerical

implementation the software for GPU was used. We present the results for N = 2 and

N = 3 and the quadratic potentials V (x) = x2 and V (x) = (x− ia)2, a ∈ R.
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New mechanisms of disorder tissue model

Antonova L.S.1, Osipov G.V.1
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We study dynamical regimes in a two dimensional mixed excitable and oscilltory

medium of nonidentical elements. In general, similar topologies take place e.g. in heart,

where Sino-Atrial Node is surrounded by excitable cells of atrial tissue. Moreover, the
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topology of SAN of many animals is effectively two dimensional due to very small thick-

ness of tissue in that region. That makes this study even more plausible. Our model

describes electrical and mechanical activity. Electrical coupling of cells is local in space.

Mechanical coupling is global. We are interesting in the case then the type of cells can

be changed in time.

We discretize the cardiac medium into two dimensional regular lattice. We use

FitzHugh-Nagumo model as the model of single cell. The global model is:

ẋi,j = F (xi,j, yi,j) + d(xi,j+1 + xi,j−1+

+xi+1,j + xi−1,j − 4xi,j) + hxi,j

ẏij = Gij(xi,j),

i = 1, ...,M,

j = 1, ..., N,

(1)

where F (xi,j, yi,j) = xi,j − x3i,j/3 − yi,j, Gi,j(xi,j) = ε(xi,j + ai,j), M and N number

of elements along lattice dimensions, d - strength of electrical coupling, h - strength

of mechanical coupling, values of ε � 1, parameters ai,j correspond to asymmetric

relaxational dynamics of oscillatory cell, or excitable behavior. Initially this paremeter

is randomly distributed in the interval (−1.3;−1.01), i.e. all cells are excitable. Then we

change ai,j in time fluently: ai,j = ai,j(t = 0)+δ∗∆t and by jump: ai,j(t < τ) = ai,j(t = 0)

and ai,j(t ≥ τ) = ai,j(t = 0) + ∆ τ = T/2 where T is the total time of observation, and

δ ∗ τ = ∆. We use zero-flux boundary conditions. As initial conditions we use concentric

wave propagating from the left lower corner and spiral waves.

In dependence on the strength of mechanical coupling h and type of change a(i, j)

we obtained three main different phenomena:

stable synchronous state (in both cases of spiral and concentric waves) in the lattice

disapperes at fixed h if the change of a(i, j) is by jump and remains if a9i, j) changed

fluently;

concentric and spral waves can be destroed at fixed ∆ if mechanical coupling h is rather

large. In this case chaotic behavior appears;

at some parameters h and ∆ steady state appears in the lattice.
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This research was done with support of Russian Science Foundation (Project N moj

project).
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Homoclinic chaos in the Rössler model

Bakhanova Yu. V., Kazakov A. O., Malykh S. M.

Laboratory of topological methods in dynamics

National Research University Higher School of Economics, Nizhny Novgorod

In this work we are presenting two methods of studying the three-dimensional Rössler

model [1].

ẋ = −y − z, ẏ = x+ ay, ż = bx+ z(x− c) (1)

where x, y, z are the phase variables, and a, b, c > 0 are bifurcation parameters, also we

fixed b = 0.3 throughout this study. First of them is one-dimensional return maps, which

we use to analyze the structure and the shape of the attractor that is forming around

saddle-focus O1 (0, 0, 0). The second one is the method of symbolic dynamics which

allows to investigate the structure of the extended area boundary existence of chaotic

attractors.
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Figure 1: (a) Spiral attractor (c = 4.93, a = 0.33), superimposed with the primary homoclinic orbit

of the saddle-focus O1, and its intersection points with a 2D cross section (a blue plane) given by

y = 0andx <= 0. (b) Computationally interpolated return map

1D return map

The goal of using 1D return map is to determine the topology of the attractors and

complexity of saddle-periodic orbits embedded into an attractor. To do this we define a

Poincure return map (xn+1, zn+1) = F (xn, zn) on a 2D cross-section, we chose the half-

plane y = 0, x <= 0 as a cross-section transverse to spiraling trajectories of (1) near O1.

Next, we parameterize this curve by the Lagrange polynomial z(x) using four points on

the curve . And, finally, we evaluate the corresponding return map xn+1 = F (xn, z(xn))

using 5000 points populating the interval [xmin, 0]. Attractor with its intersection points

with a 2D cross section and the resulting 1D map for the chaotic attractor embedded

with the primary homoclinic orbit to the saddle-focus O1 is presented in Figure 1.

Symbolic algorithm

We use symbolic algorithm [2] for the detection of homoclinic loops to the saddle-focus

O2 (c− ab, b− c/a,−(b− c/a)).

We generate a binary sequence S according to the following algorithm: we add sym-

bol 1 to S if the unstable separatrix W u+ of O2 completes a turn around O1 and we add

symbol 0 if W u+ runs to infinity. For each set of parameters, we get the sequences like

S = [1, 1, 1], S = [1, 1, 0]. For each sequence we put to correspondence a color and obtain
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bifurcation diagrams. Increasing the length of the sequence to n we see the more com-

plex structure of the diagram that shows homoclinic curves corresponding to homoclinics

with up to n turns. The result of biparametric sweep is presented in Figure 2 where the

sequences of length up to four symbols are presented. In it, there are multiple magenta-

colored regions associated with the sequence S = {1, 1, 1, 0} that populate the space

the blue-colored regions that correspond to the sequence S = {1, 1, 0, 0}. Their bound-

aries, L3
jk and L1

jk, correspond to triple homoclinic orbits Γ3
jk, where the indices j and

k stand, respectively, fot the numbers of rounds on the second and third turns around O2.

Figure 2: (A) Biparametric sweep revealing multiplicity of homoclinic orbits to the saddle-focus O2

and the corresponding binary sequences up to 4 symbols long. (B) Triple homoclinic (C) Schematic

diagram (courtesy51 [3]) revealing self-similar, nested organization of triple homoclinics curves located

within a pair of curves corresponding to double homoclinics

This work was supported by the RSF grant no. 19-71-10048.
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Hyperbolic attractors of non-autonomous maps

Barabash N.V.1,2, Belykh V.N.1,2

1 Department of Mathematics, 2 Department of Control Theory and Dynamics of Systems
1 Volga State University of Water Transport,

2Lobachevsky State University, Nizhny Novgorod

In this talk we consider driven maps having the form

x(i+ 1) = F (x(i), u(i)), (1)

where x ∈ Rn, F is a n-dimensional vector, i ∈ Z is a discrete time and the function

u : Z → Rm is a set of driving parameters changing the structure of the map at each

time iteration. We consider the case when the driving parameter u(i) is an arbitrary

bounded function of discrete time. To study a particular case of an attracting set with

hyperbolic properties we use the next definition of non-stationary hyperbolic attractor [1].

Let G : (‖x‖ ≤ x∗, x∗ = const) be an absorbing domain of the map F (x(i), u(i)),

FG ⊂ G, ∀i ∈ Z+. Let at each point x0 ∈ G the similar pairs of stable and unstable

invariant cones Ks and Ku be defined. Denote the linearization of the map F in the

point x0: L(x0, i) = DxF (x0, u(i)), where Dx is a differential with respect to x. Let

the next conditions be fulfiled. The operator L (the operator L−1) expands any vector

V u
0 (V s

0 , respectively) released from x0 and lying in the unstable cone Ku (the stable

cone Ks, resp.) for any x0 ∈ G and i ∈ Z+. Then the set of points in G on which the

map F (x(i), u(i)) eventually acts for unboundly increasing i is called a non-stationary

hyperbolic attractor.
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In this talk we study the problem of the existence of a non-stationary hyperbolic

attractor for the following two-dimensional Lurie-type map [2]

F:
x(i+ 1) = x(i) + y(i) + ag(x(i)) ≡ X(x, y),

y(i+ 1) = λu(i)(y(i) + bg(x(i))) ≡ Y (u, x, y).

where a, b, λ are positive parameters and g(x) is a piecewise-linear function of cubic type

g(x)=

{ 2 + 2x, x < −1
2
,

−2x, |x| ≤ 1
2
,

−2 + 2x, x > 1
2
.

For this map according to Def. we rigorously prove the existence of the non-stationary

hyperbolic attractor.

Consider the case when the driving parameter u(i) is dynamically defined by the map

u(i+ 1) = f(u(i)). (2)

In this case one can join the maps (1) and (2) in one autonomous map defined in the

extended phase space and having a master-slave structure where the map (2) serves the

master equation. Any attractor of the obtained autonomous map becomes stationary,

and the master-slave structure simplifies the study of the joint map hyperbolic properties.

In our talk we give en example of such map and prove hyperchaotic properties of its

attractor.

This work was supported by the Ministry of Science and Higher Education of the

Russian Federation under Grant No. 0729-2020-0036. N.B. also acknowledges the RFBR

grant (No. 19-01-00607) for the funding support.
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Occurrence of a burst in-phase attractor
in two coupled Hindmarsh-Rose systems

Bobrovsky A.A., Kazakov A.O., Stankevich N.V.

National Research University Higher School of Economics, Nizhny Novgorod
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The basis of the functioning and interaction of neurons is the central generators of

rhythms. Typical of such systems is that when they interact, they exhibit antiphase

synchronization. It was shown in [1-4] that taking into account various types of com-

munication between subsystems (exciting and inhibitory), in-phase synchronization may

occur. It is also shown that in such a system, multistability is possible between in-

phase and anti-phase oscillations. At the same time, the works [1-4] do not discuss the

mechanism of occurrence of an in-phase solution in the system.

Within the frame of this work, using the example of two coupled Hindmarsh-Rose

systems with exciting and inhibitory types of coupling, the features of the appearance

of an in-phase burst attractor are investigated. The dynamics of the system develops on

the basis of an in-phase spike cycle of period-1, which undergoes a torus birth bifurca-

tion. As a result of this bifurcation, the in-phase spike cycle of period-1 becomes saddle

with a two-dimensional unstable manifold, of the type (1,2), and the torus born as a
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result of the bifurcation is antiphase. The antiphase torus destroys in accordance with

the Afraimovich-Shilnikov scenario and transforms into an antiphase spiking chaotic at-

tractor. After that the chaotic attractor absorbs the in-phase saddle cycle (1,2), as a

result of which in-phase bursts are formed, while inside the bursts the spikes can remain

in antiphase. Such a transformation corresponds to the formation of a discrete spiral

Shilnikov attractor. In this work, the time series characteristic of such a transition are

studied in detail.

This work was supported by the Russian Science Foundation (Project 20-71-10048).

References

[1] Jalil S., Belykh I., Shilnikov A. Fast reciprocal inhibition can synchronize bursting

neurons //Physical Review E. 2010. Vol. 81. No. 4. PP. 045201.

[2] Jalil S., Belykh I., Shilnikov A. Spikes matter for phase-locked bursting in inhibitory

neurons //Physical Review E. 2012. Vol. 85. No. 3. PP. 036214.

[3] Reimbayev R., Belykh I. When transitions between bursting modes induce neural

synchrony //International Journal of Bifurcation and Chaos. 2014. Vol. 24. No. 08.

PP. 1440013.

[4] Belykh I., Reimbayev R., Zhao K. Synergistic effect of repulsive inhibition in syn-

chronization of excitatory networks //Physical Review E. 2015. Vol. 91. No. 6. PP.

062919.

11



Solitary chimera in the medium of phase oscillators
with diffusion of the auxiliary field
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Nizhny Novgorod State University, Russia
2 Institute of Applied Physics Russian Academy of Sciences, Russia
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Chimera states in populations of coupled oscillators have attracted great attention

since their first observation and theoretical explanation by Kuramoto and Battogtokh [1].

The essence of chimera is in the breaking of symmetry: although a homogeneous fully

symmetric synchronous state exists, yet another nontrivial state combining synchrony

and asynchrony is possible and can even be stable. Chimeras can be found during the

interaction of several populations of oscillators, or in an oscillatory medium, the latter

situation can be treated as a pattern formation problem.

We consider a medium of identical non-locally coupled oscillators, defined by the

phase ϕ(x, t) and distributed on a ring of length L:

∂tϕ = ω + Im
(
He−i(ϕ+α)

)
,

τ∂tH = ∂2xxH −H + Z,
(1)

where ω is a natural frequency of the oscillators rotation, α is a phase shift, H(x, t) is

an auxiliary field, Z(x, t) is a local order parameter determining the coherence degree

of the neighboring oscillators. Parameter τ indicates the characteristic time scale of the

function H(x, t) [2].

The aim of this work is to study a solitary chimera state, which is a small coherent

region among an asynchronous background in long media. Here we find solitary chimera

states as a homoclinic trajectories of an auxiliary system of third-order differential equa-

tions. It is shown that there is a range of values of control parameters where the studied
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mode is stable. Regimes of soliton turbulence and spatial-temporal intermittency are

observed with the loss of stability of a solitary chimera.

The work was supported by RSF grant No. 17-12-01534 (analytical results) and

RFBR grant No. 19-52-12053 (numerical results).
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Stability of synchronous rotations to the degree of disorder in
the lattices of locally coupled phase oscillators
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We studied the issues of the existence and stability of synchronous states in a chain of

locally interacting non-identical Kuramoto-Sakaguchi phase oscillators in the presence

of spatial disorder. We analysed the possibility of synchronization and the scenarios

of its destruction. We paid the main attention to the role of the phase shift in the

coupling function and the standard deviation of the distribution of randomly scattered

natural frequencies. This study is based on earlier paper [1], where the main ideas of the

proposed methods were tested.
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We considered the lattice consisting of N phase oscillators with a nearest-neighbour

coupling. In this case the evolution of the phase ϕn of each unit is given by the following

equation
ϕ̇n=σωn+sin(ϕn+1−ϕn−α)+sin(ϕn−1− ϕn−α),

(1)

where normalized natural frequencies ωn are chosen from a continuous uniform distri-

bution over a line segment [0, 1], parameter σ defines the level of disorder in natural

frequencies, and the phase shift α determines whether the interaction between elements

is attractive, repulsive or neutral. Below we assumed that the coupling is strongly at-

tractive, i.e. α ≤ 0.3. It is natural to set the boundary conditions as follows:

sin (ϕ0−ϕ1 − α)=0, sin (ϕN+1−ϕN−α)=0, (2)

which corresponds to the free boundaries of the chain, i.e. there are no elements with

indexes n = 0 and n = N + 1. Actually, the system (1) can be interpreted as the

Kuramoto–Sakaguchi model, which is relevant to many physical, chemical and biological

systems, e.g. lasers, biocircuits, electro-mechanical oscillators [2]. This model is the

paradigmatic and universal object of study, which allows one to describe in details the

phenomenon of synchronization.

Our previous studies were focused on a small range of phase shift values near zero.

It was found that with a smooth increase in the Sakaguchi parameter, the interval of

existence and stability of the synchronous state in terms of the degree of disorder in-

creases on average. This observation is counter-intuitive, since the delay in the coupling

function is considered to negatively affect the synchronization of the elements.

In this study we have considered the entire interval from 0 to π/2 of the phase shift

values, which determines the type of interaction in the lattice (the closer to π/2, the

closer the chain is to the conservative case) and created the database of all possible

dynamical patterns. It was shown that there is a certain optimal critical value, right up

to which an increase in the Sakaguchi parameter on average contributes to the shift of

the boundary of the range of existence and stability of synchronous states to the region of

larger standard deviation in the spread of individual angular velocities of elements. This

trend indicates the stabilization of the coherent rotational regime. However, a further

14



increase in the phase shift leads to a reduction in the specified range, which becomes

vanishingly small when approaching π/2. We also propose an analytical proof of the fact

that there are no synchronous states in a conservative situation with a large number of

non-identical elements in the lattice, based on recurrent relations for phase differences.

In addition, it was found that there can be observed two types of statistical bifurcations,

which are direct analogs of the saddle-node bifurcations and Andronov-Hopf bifurcations

often encountered in the theory of dynamical systems.

The work was supported by the Russian Science Foundation (Grant No. 17-12-01534).

References

[1] M. I. Bolotov, T.A. Levanova, L. A. Smirnov, and A. Pikovsky, “Dynamics of disor-

dered heterogeneous chains of phase oscillators”, Cybernetics and Physics 8(4), 215

- 221 (2019).

[2] M. H. Matheny, J. Emenheiser, W. Fon, et al. “Exotic states in a simple network of

nanoelectromechanical oscillators”, Science 363(6431), eaav7932 (2019).

Anti-phase relay synchronization of two-dimensional
spatio-temporal structures

Bukh A.V., Shepelev I.A., Strelkova G.I., Anishchenko V.S.

buh.andrey@yandex.ru

Saratov State University

We explore numerically relay synchronization of wave structures in a heterogeneous

three-layer network of coupled two-dimensional (2D) lattices of continuous-time systems.

Remote layers, which are not directly connected but interact via a relay layer, consist

of coupled van der Pol oscillators, while the middle layer is described by a lattice of

interacting FitzHugh-Nagumo neurons. We show for the first time that already for weak
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inter-layer coupling, anti-phase relay synchronization of target wave patterns occurs in

the considered network. This is a novel effect which can be observed in multiplex net-

works of interacting 2D lattices of oscillatory systems. Our numerical studies indicate

that strong inter-layer coupling leads to in-phase complete synchronization of spatio-

coherent structures in the network layers. We also analyze the impact of inter-layer

coupling ranges in the relay and the remote layers on the relay synchronization effect.

Kantorovich-Rubinstein-Wasserstein
distance between attractor and repeller

Chigarev V.G.

International Laboratory of Dynamical Systems and Applications,

Research University School of Economics (Nizhny Novgorod, Russia)

chiga17@mail.ru

We consider several examples of dynamical systems that demonstrate the intersection

of an attractor and a repeller. These systems are built by adding controlled dissipation

to the basic models with chaotic dynamics: the Anosov map, the standard Chirikov

map, an incompressible three-dimensional ABC flow on a three-dimensional torus, and

an oblique ergodic map that demonstrates strange non-chaotic attractors (oblique map).

We use the Kantorovich-Rubinstein-Wasserstein distance to characterize the difference

between an attractor and a repeller depending on the level of dissipation.

We start with area-preserving 2D mappings that have uniform invariant measure, it-

erating back and forth in time. When dissipation is added (as a result of which the phase

volume decreases in some regions and increases in others), the time reversal symmetry is

violated, and the invariant measures of the attractor and repeller become different. We

then apply a parameter-dependent Möbius map [1, 2] to one of the coordinates of these

2D maps to control the level of dissipation. We propose to characterize the distance

between these two measures using the well-proven Kantorovich-Rubinstein-Wasserstein

distance approach. This concept first appeared in the optimal transportation problem,
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where it is also known as Earth Mover’s Distance, EMD. The idea is to find the opti-

mal "transport" of one measure to another with an appropriate definition of the costs

(which in most cases are simply proportional to the distance multiplied by the mass

transported). Although this concept was previously used to characterize the difference

between attractors of a dynamical system for different values of the parameters [3, 4, 5],

as far as we know, it has not been proposed as a measure of the difference between an

attractor and a repeller. For other connections of the transport problem with the theory

of dynamical systems, see [6]. The paper presents several simple examples of intersecting

attractors and repellers on a two-dimensional torus. In each of the examples, the dif-

ference between these two sets was defined as the Kantorovich-Rubinstein-Wasserstein

distance between them. In all cases, we found that the distance increases linearly with

the dissipation parameter introduced to break the time reversal symmetry. For two-

dimensional mappings, we considered only the cases when the Möbius mapping was

applied to only one coordinate on the torus, when its influence on the dynamics is not so

strong (in particular, the full torus remains the measure of the attractor and repeller).

Details of this study can be found in [7].

These studies were supported by the Laboratory of Dynamical Systems and Appli-

cations NRU HSE of the Russian Ministry of Science and Higher Education (Grant No.

075-15-2019-1931).
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We consider an ensemble of N coupled phase elements subject to an additive non-

Gaussian noise:

ϕ̇n = ω(t) + Im(h(t)e−iϕn) + σξn(t) . (1)
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Here ϕn is the phase of the nth element, real-valued ω(t) and complex-valued h(t) are ar-

bitrary functions of time, σ is the noise strength, ξn(t) are non-Gaussian delta-correlated

noise signals. In this paper we restrict our consideration to the important case of the

noise governed by the sign-symmetric α-stable distribution, which is relevant for financial

systems and a broad range of physical applications. In this case, the α-stable distribu-

tion is specified via its characteristic functions F (v;α, c) = exp
(
|cv|α) , where c > 0 is a

scale parameter quantifying the distribution width.

In the thermodynamic limit N →∞, the evolution of the probability density w(ϕ, t)

of phases is governed by the following equation (on the basis of Klyatskin’s analysis [2]):

∂w

∂t
+

∂

∂ϕ

(
f(ϕ)w

)
− Φ̇

(ξ)
t

(
iσ

∂

∂ϕ

)
w = 0 , (2)

where Φ
(ξ)
t [v(t)] ≡ lnF

(ξ)
t [v(t)] is the logarithm of the characteristic functional for a

stochastic process ξ(t), F (ξ)
t [v(t)] ≡ 〈ei

∫ t v(τ) ξ(τ) dτ 〉. In Fourier space, where w(ϕ, t) =

(2π)−1
∑+∞

m=−∞ ame
−imϕ with a0 = 1 by definition and a−m = a∗m, the latter equation

reads

ȧm = imωam +mham−1 −mh∗am+1 + Φ̇
(ξ)
t (σm) am . (3)

One can notice, that for the sign-symmetric α-stable distribution, Φ̇
(ξ)
t (σm) = −(σm)α.

For all physically relevant cases of a delta-correlated noise, one must adopt α-stable

distributions with 0 < α ≤ 2. The representation of a singular function (σm)α for 0 <

α < 2 by a series in (σm) never works; it fails for large (σm), which are associated with

the formation of distribution discontinuities, m→∞, and for a weak noise, (σm)→ 0,

as well. The issue of formation of unphysical short-wave features in the probability

distribution due to high-order spatial derivatives is circumvented in low-order circular

cumulant reductions [3].

Let us deal with two-cumulant approximations [4]. One can also handle here the case

of a Lorentzian distribution of natural frequencies G(ω) = γ/{π[(ω − ω0)
2 + γ2]}, which

yields equations for the Kuramoto–Daido order parameters from Eq. (3):

Żm = m
(
(iω0 − γ)Zm + hZm−1 − h∗Zm+1

)
+ (σm)α Zm (4)

with Z0 = 1. For the first cumulants κ1 = Z1 and κ2 = Z2 − Z2
1 , one writes κ̇1 = Ż1
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and κ̇2 = Ż2 − 2Z1Ż1; therefore, one can find

κ̇1 = Ż1 = (iω0 − γ)Z1 + h− h∗(Z2
1 + κ2)− σαZ1 , (5)

κ̇2 = 2(iω0 − γ)κ2 − 4h∗(κ3 + Z1κ2)− σα[2ακ2 + (2α − 2)Z2
1 ] . (6)

The proposed finite cumulant-based model (5)–(6) are compared against the direct

numerical simulation of the phase oscillator population with Kuramoto global coupling

and intrinsic non-Gaussian noise. The two-cumulant approximation provides a reason-

able accuracy for the macroscopic description of the population dynamics.

The work was supported by the Russian Science Foundation (Grant No. 17-12-01534).
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Multiple limit cycles in generic finite-parameter families

Dukov Andrey

Lomonosov Moscow State University, Moscow, Russia.

Let us consider a vector field with a hyperbolic polycycle P on an orientable two-

dimensional manifold. Let the polycycle be perturbed in a generic finite-parameter
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family. The vector field, the manifold and the family are smooth enough. The main

result is the following: there exists a non-trivial polynom Q on n variables such that for

any λ1, . . . , λn satisfying Q(λ1, . . . , λn) 6= 0 the multiplicity of every limit cycle of any

perturbed vector field is no greater than n, where λ1, . . . , λn are characteristic numbers

of the saddles forming the polycycle P.

Mixed dynamics in a system
of forced adaptively coupled Kuramoto oscillators

A.A. Emelianova1 and V.I. Nekorkin2

Institute of Applied Physics of the Russian Academy of Sciences
1em070297@gmail.com, 2vnekorkin@appl.sci-nnov.ru

We present the effect of the presence of mixed dynamics in a system of forced adap-

tively coupled Kuramoto oscillators. Mixed dynamics in this case arises precisely as

a result of the influence of an external harmonic force. We demonstrate that at some

frequencies of the external force, oscillations in forward and reverse time are similar in

shape. However, we found that forced synchronization does not occur in this case, and

moreover, the presence of mixed dynamics prevents the synchronization of a chaotic at-

tractor with an external force. We also show that the fractal dimension of a reversible

core has a sharp jump towards its decrease when a harmonic external force is applied to

a reversible core formed by another mechanism in an autonomous system.

This work was supported by the Russian Science Foundation under Project No.

19-12-00338.
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Chaotic behavior is one of the fundamental properties of nonlinear dynamical sys-

tems [1]. Chaos can be diagnosed most easily and reliably using the largest Lyapunov

exponent, which will be positive for a chaotic regime. Chaotic dynamics can arise in flow

systems with a minimum dimension of three. With an increase in the dimension of the

system by one, various types of chaotic attractors are already possible, depending on the

signature of the spectrum of Lyapunov exponents. Thus, the emergence of hyperchaos is

possible, which is characterized by two positive Lyapunov exponents. It is also possible

that a quasiperiodic Hénon-like attractor [2] may arise, which is characterized by one

positive, two zero, and one negative Lyapunov exponents.

In the frame of this work, using as examples two simplest radiophysical generators

[3, 4], we will demonstrate such a type of dynamic behavior, the occurrence of which is

associated with a cascade of bifurcations of doubling of a two-frequency torus.

The work was supported by grant of Russian Foundation for Basic Research (project

No. 19-31-60030) and Grant of the President of the Russian Federation (Grant No.

MK-31.2019.8).
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The dynamics of self-oscillating systems allowing the transition
to the system demonstrating the «stochastic web»

in the conservative limit

Golokolenov A. V., Savin D. V.
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It is known that the pulse driven van der Pol oscillator

ẍ− (γ − µx2)ẋ+ ω0x =
∞∑

m=−∞

F (x)δ(t− nT ) (1)
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which for small values of the parameters γ and µ can also be regarded as a linear os-

cillator with a small dissipative self-oscillatory perturbation can demonstrate various

phenomena of nonlinear dynamics depending on the choice of the external forcing am-

plitude function F (x). In various limit cases the «stochastic web» - in the conservative

limit for F (x) = λ cosx [1] - and «Hamiltonian» critical behavior - in the dissipative

case for a certain choice of the parameter values and, for example, the quadratic func-

tion F (x) [2] – can be obtained. Earlier we have shown that in the phase space of the

«intermediate» models obtained by choosing the function F (x) as an expansion of cosx

in a Taylor series, a sequence of saddle-node bifurcations appears with a decrease of

the nonlinear dissipation parameter µ. The number of bifurcations increases with the

complication of the form of the external forcing amplitude function F (x) [3]. In order to

simplify the bifurcation analysis one can turn from the ODE (1) to a discrete mapping [2]

xn+1 = B
F (xn) + yn√

1 + C[x2n + (F (xn) + yn)2]
, yn+1 = −B xn√

1 + C[x2n + (F (xn) + yn)2]
(2)

using the approximate solution of the autonomous equation in the intervals between

external pulses. Bifurcations in a discrete mapping could be analyzed using specialized

software, for example, Content [4]. In this work we investigate the structure of the phase

portraits and bifurcation diagrams for a family of mappings (2) obtained by choosing

the function F (x) as polynomials of even degrees from 2 to 12, as well as F (x) =

λ cosx. The scenario for changing the structure of phase portraits with a decrease of

nonlinear dissipation was identified: fixed points appearing after saddle-node bifurcations

lose stability due to a sequence of Neimark-Sacker bifurcations. The described scenario

retains for all considered forms of the external forcing amplitude function F (x).
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For area-preserving Hénon-like maps and their compositions, we consider smooth

perturbations that keep the reversibility of the initial maps but destroy their conserva-

tivity. For constructing such perturbations, we use two methods, a new method based

on reversible properties of maps written in the so-called cross-form, and the classical

Quispel-Roberts method based on a variation of involutions of the initial map.

We study symmetry breaking bifurcations in one-parameter families of reversible

non-conservative Hénon-like maps, using the constructed perturbations. We show that

the simplest bifurcations of this type are reversible pitchfork bifurcations of periodic

orbits. We consider such families in the cases of the product of two Hénon maps with

the Jacobians b and b−1, the nonorientable conservative Hénon map and the orientable

conservative Hénon map. In the first two cases, we show that even symmetric fixed

points can undergo pitchfork bifurcations and recover their structure. It is interesting

that, in the case of orientable conservative Hénon map, this bifurcation occurs starting

only from orbits of period 6 (no such bifurcation takes place for orbits of less period),

that is very surprising.

The work is supported by the RFBR-grant No. 19-01-00607.
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We consider a reversible three-dimensional system of the form

ẋ = y, ẏ = Fx+ Cyz +Dx3 + Exz2, ż = µ+ Az2 +Bx2, (1)

where A,B,C,D,E, F and µ are parameters.

Note that system (1) is invariant under the change of coordinates x → −x, y →

−y, z → z. Moreover, system (1) is reversible, since it is invariant under the change of

coordinates h : x → x, y → −y, z → −z that is involution, i.e. h2 = Id, and the time

reversal t → −t. Thus, if system (1) has an attractor, then it has also a repeller, and

these attractor and repeller are symmetric with respect to the x-axis.

We consider the case where A = 1, B = 1, D = −25, E = 50, µ = −1 and C

and F are governing parameters. In Fig.1 we show main elements of the bifurcation

diagram for the (C,F )-parameter family and the portrait of the symmetric pair “Lorenz

attractor – Lorenz repeller” for C = 3.2, F = −20. The attractor contains the saddle

equilibrium O2 = (0, 0,−1) of type (2,1), i.e. its stable and unstable invariant manifolds

have dimension 2 and 1, respectively. Also saddles O4 , O6 of type (1,2) and O3 and O5

of type (2,1) reside in holes of the attractor and the repeller, respectivelly. Equilibria

O3, ..., O6 exist at −50 < F < 25, when increasing F they appear at F = −50 under

a pitch-fork bifurcation with equilibria O1 and O2 and disappear after a reversible and

symmetric collision of O3 with O5 and O4 with O6 at F = 25.

We follow bifurcation scenarios leading to the onset of the Lorenz attractor (all is

symmetric for the Lorenz repeller). We show that 3 types of such scenarios (for fixed F

and decreasing C) can be observed depending on a type of Andronov-Hopf bifurcation

(AH) with O4 and O6. The curve AH4,6 begins on the line F = −50 and is terminated on
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the curve F = 25. Besides, in AH4,6 there is a point l∗(F ∗, c∗), where the first Lyapunov

value l1 vanishes (for the points O4 and O6, we have that l1 < 0 if −50 < F < F ∗ and

l1 > 0 if F ∗ < F < 25).

Then, if −50 < F < F ∗, we have such a sequence of bifurcations: a supercritical

AH-bifurcation with O4 and O6 and birth of stable limit cycles S4 and S6; a creation

of a homoclinic butterfly of the point O2 and, then, the birth of saddle limit cycles C4

and C6 from the butterfly; merging C4 with S4 and C6 with S6, after which the Lorenz

attractor becomes the unique attracting set.

For F ∗ < F < 25 the sequence is as follows: a creation of a homoclinic butterfly of

the point O2 and, then, the birth of saddle limit cycles C4 and C6 from the butterfly;

merging C4 with O4 and C6 with O6 under a subcritical AH-bifurcation, after which the

Lorenz attractor becomes the unique attracting set.

For F > 25 the Lorenz attractor appears just after the homoclinic butterfly bifur-

cation with the point O2. In our opinion, this is a Lorenz attractor of new type, since

there are no equilibria inside its holes. In the case under consideration, the main reason

for such phenomenon is, of course, the presence of the symmetric Lorenz repeller.
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Consider a two-dimensional Cr-diffeomorphism f0 (r ≥ 3) having a non-hyperbolic

fixed point O with eigenvalues 0 < λ < 1 and γ = 1. Then, two one-dimensional invariant

manifolds pass through the point O, the strong stable manifold W ss(O) and the central

manifold W c(O), which can be presented, in some Cr local coordinates (x, y) near the

point O, with the equations y = 0 and x = 0, respectively. We assume that the point

O is a nondegenerate non-hyperbolic saddle. This means that the restriction of f0 onto

W c
loc(O) can be written as ȳ = y+y3+o(y3). We assume that the local manifoldsW ss(O)

and W c(O) are prolonged globally in such a way that they intersect transversally at the

points of a homoclinic orbit Γ. Note that the point O divides the manifolds W ss(O)

and W c(O) into two connected components – separatrices. For more definiteness, we

assume that Γ belongs to the intersection of those separatrices of W ss(O) and W c(O)

that contain segments {0 < x < ε, y = 0} and {x = 0, 0 < y < ε}, respectively, with

sufficiently small ε > 0, as in Fig.1.

We embed f0 into a two parameter family fµ, where µ = (µ1, µ2) are parameters that

unfold generally local bifurcations of the nonhyperbolic saddle O.

Lemma. In a sufficiently small neighbourhood U0 = U0(O), there exist such Cr−1-

coordinates (smoothly depending (Cr−2) on parameters) that the map fµ in U0 can be

written in the form

x̄ = λ(µ)x+ h(x, y, µ)xy, ȳ = µ1 + (1 + µ2)y + y3 + o(y3),
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where λ(0) = λ and the equation for ȳ does not depend on x at all.

Figure 1: Bifurcation diagrams for (a) the fixed points of fµ and (b) for the set Nµ. When passing

from E1 to E2, a jump of hyperbolicity occurs on the curve L1: the homoclinic point ? on W s(O) jumps

to a homoclinic point ? on W s(O12).

According to this lemma, the map fµ
∣∣
Wuc
µ

is written in the form ȳ = µ1 + (1 +µ2)y+

y3 + .... The bifurcation diagram in the (µ1, µ2)-parameter plane for the fixed points of

fµ is shown in Fig.1. Here, the bifurcation curve L = L1 ∪ L2 ∪ (0, 0) is a cusp curve of

the form 27µ2
1 = −4µ3

2(1 + O(µ2)) which divides the parameter plane into two domains

E1 and E2 such that fµ has only one fixed point O at µ ∈ E1 that is a hyperbolic

saddle and 3 fixed points O1, O2, O3 at µ ∈ E2, where O1 and O3 are hyperbolic saddles

and O2 is a stable node. The curves L1 and L2 correspond to nondegenerate saddle-

node bifurcations: points O1 and O2 merge on L1 into one saddle-node point O12 that

disappears in E1; analogously, points O2 and O3 merge on L2 into one saddle-node point

O23 that disappears in E1; at µ = 0 the point O is the non-hyperbolic saddle.

Let B2 be the topological Bernoulli scheme (shift) on two symbols and Nµ be the set

of orbits of the diffeomorphism fµ entirely lying in a small fixed neighbourhood U(O∪Γ).

Theorem. For all sufficiently small µ, the set Nµ contains always a nontrivial sub-

set Ω whose orbits are in one-to-one correspondence with the orbits of B2. Besides, see

Fig.1b, (i) Nµ = Ω at µ ∈ E1; (ii) Nµ = Ω ∪ O2 ∪ O3 at µ ∈ E2; (iii) Nµ = Ω ∪ O23

at µ ∈ L2, and here the set Ωµ is uniformly hyperbolic. In the case µ ∈ L1 the set Ω
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contains the saddle-node O12 that lies in a distance of order
√
|µ2| from the saddle O

(jump of hyperbolicity) and Nµ = Ω ∪ {O = O3}.

The work is supported by the RFBR-grant No. 19-01-00607.
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In this report we consider one-parameter families of diffeomorphisms defined on two-

dimensional and three-dimensional tori. As a result of various bifurcations occurring in

these families, from Anosov diffeomorphisms, whose non-wandering set coincides with the

entire torus, we obtain A-diffeomorphisms, non-wandering set of which contains a basic

set of non-zero codimension, or diffeomorphisms, non-wandering set of which contains a

pseudohyperbolic attractor. The construction of these families is carried out making use

of the superposition of algebraic Anosov automorphism and direct product of Möbius

maps. This superposition was introduced in the paper [1].

The Möbius map is a circle map that depends on a single parameter ε ∈ (−1, 1).

For ε = 0, it is an identity map; for ε 6= 0, it is a Morse-Smale diffeomorphism whose

non-wandering set consists of 2 fixed points (one sink and one source). Naturally, one

can define the direct product of two and the direct product of three Möbius maps, which

act on two-dimensional and three-dimensional tori respectively. For ε 6= 0, this direct

product is a Morse-Smale diffeomorphism whose non-wandering set consists of 4 fixed

points (one sink, one source, and two saddle points) in the case of two-dimensional

torus and 8 fixed points (one sink, one source, and six saddle points) in the case of

three-dimensional torus. It follows from the paper [2] that non-wandering set of Anosov

diffeomorphisms of two-dimensional and three-dimensional tori coincides with the entire

manifold. When the parameter ε changes, various bifurcations occur in the superposition
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of Anosov map and direct product of Möbius maps, which lead to a change in the type of

fixed pointO and a change in the dimension of invariant sets with chaotic dynamics. Let’s

emphasize that the type and the number of bifurcations are determined by the properties

of the matrix inducing the algebraic Anosov automorphism in the given superposition.

We consider two types of bifurcations: pitch-fork bifurcation and Neimark-Sacker

bifurcation.

As a result of the pitch-fork bifurcation the saddle fixed point O becomes the source,

and a pair of saddle fixed points appears in its neighbourhood. In this case, from the

Anosov diffeomorphisms of two-dimensional and three-dimensional tori one obtains A-

diffeomorphisms whose non-wandering set contains a basic set of codimension 1. This

basic set is an expanding attractor.

As a result of the Neimark-Sacker bifurcation, the saddle-focal fixed point O be-

comes the source, and a saddle invariant curve with two-dimensional stable and two-

dimensional unstable manifolds appears in its neighbourhood. In this case, from the

Anosov diffeomorphism of three-dimensional torus one obtains the diffeomorphism whose

non-wandering set contains a pseudohyperbolic set that is an attractor.

The results of this report were obtained with the financial support of the Russian

Science Foundation (project 17-11-01041).
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As well-known, strange attractor of multidimensional flows and maps can be divided

into two groups: genuine attractors, that keep their chaoticity under small perturbations,

and quasiattractors (according to Afraimovich-Shilnikov), inside which stable periodic

orbits can arise under small perturbations. How to distinguish attractors of these two

types is the hard and, apparently, unsolvable (completely) problem in the mathematical

theory of dynamical chaos. The main goal of this work is to construct meaningful crite-

ria that make it possible to distinguish attractors of different types, as well as to verify

these criteria by means of numerical experiments. Under genuine (robust) attractors, we

mean the so-called pseudohyperbolic attractors. We give their definition and describe

characteristic properties, on the basis of which two numerical methods are constructed,

which allow to check independently two the most difficult for analysis properties of pseu-

dohyperbolic attractors: (i) the continuity of contracting subspaces and subspaces where

volumes are expanded, and (ii) separability from zero of angles between these spaces.

As examples on which various numerical methods for checking pseudohyperbolicity have

been tested, we consider the classical Hénon map, the singularly hyperbolic Lozi map,

the Anosov diffeomorphism of two-dimensional torus, the classical Lorenz and Shimizu-

Morioka systems, as well as a three-dimensional Hénon-like maps.

This work was supported by the RSF grant No. 19-71-10048
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Coexistence of Periodic Regimes in a System
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Kashchenko A.A.
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The talk deals with the nonlocal dynamics of a model describing two weakly coupled

oscillators with a nonlinear compactly supported delay feedback

u̇0 + u0 = λF (u0(t− T )) + γ
λ
(u1 − u0),

u̇1 + u1 = λF (u1(t− T )) + γ
λ
(u0 − u1).

(1)

Here u0 and u1 are scalar variables, parameters λ, T , and γ are positive, and sign-

changing nonlinear smooth function F is compactly supported: it is equal to zero outside

of the segment [−p, p] (where p is some positive constant). Models of this type are found

in applied problems of physics, biology, and neurodynamics.

We study existence, asymptotics, and stability of solutions of model (1) with initial

conditions from some set S of phase space C[−T,0](R
2) of the initial system.

Suppose λ is large enough. This assumption allows us to apply a special asymptotic

large parameter method. Using this method, the study of the existence, asymptotics,

stability of relaxation cycles of the original infinite-dimensional system with initial con-

ditions from the set S is reduced to the study of the dynamics of the constructed three-

dimensional map with respect to the parameters m, k, x. It is proved that the robust

stable cycles of the constructed mapping correspond to exponentially orbitally stable

relaxation periodic regimes of the original system. The dynamics of the constructed

mapping is investigated, coexisting robust periodic cycles are found, the corresponding

relaxation cycles of the original system are shown, and the conclusion about multista-

bility is made.

This study was funded by RFBR according to the research project No 18-29-10055.
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Local dynamics of a second order equation
with a delay in the derivative

Kashchenko I.S., Maslenikov I.N.

P.G. Demidov Yaroslavl State University

iliyask@uniyar.ac.ru

Consider model of opto-electronic oscillator with nonlinear delayed feedback

ε
dx

dt
+ x+ δ

t∫
t0

x(s) ds = F (x(t− τ)).

Here ε and δ are positive and sufficiently small and satisfy the condition δ = kε, 0 < ε�

1. This equation can be reduced to the form of second-order delay differential equation

ε
d2y

dt2
+
dy

dt
+ δy = F (

dy

dt
(t− τ)). (1)

Let’s study it’s dynamics in small neighbourhood of zero equilibrium for small enough ε.

It was shown that the critical cases in the equilibrium stability problem have an

infinite dimension. As the main results, special nonlinear boundary value problems were

constructed whose nonlocal dynamics determine the behavior of the solutions to (1) (for

small ε) that belong to a sufficiently small ε-independent neighbourhood of zero.

In particular, if F ′(0) = −(1 + ε2β), then main terms of asymptotic representation

of solutions of (1) are determined by solutions of

∂V

∂τ
=

1

2

∂2V

∂2t
+ kV − k2

2
J2(V ) + βV + β2J

(
U1
∂V

∂t

)
+ β3J

((
∂V

∂t

)3
)
,

V (τ, t) ≡ −V (τ, t+ 1),

1∫
0

V (τ, t)dt = 0.

Here J(V ) are the antiderivative of the function V with zero average value: (J(V (τ, t))′t ≡

V , and J2(V ) = J(J(V )).

This work was funded by RFBR according to the research project No 18-29-10043.
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Quasi-linear approach in the theory of the Weibel instability in
an anisotropic collisionless plasma: Nonlinear phenomena

in the cases of one, two or several energetic modes
Kocharovsky V.V., Garasev M.A., Kuznetsov A.A.,

Nechaev A.A., Kocharovsky Vl.V.

Institute of Applied Physics of RAS, 46 Ulyanov Str., Nizhny Novgorod, Russia

kochar@ipfran.ru

Weibel instability is quite common in laboratory and astrophysical plasmas (laser

plasma, planetary magnetosheaths, stellar and pulser winds, gamma-ray bursts, etc.),

and its nonlinear stage may be described within a famous quasi-linear approach; see, e.g.,

[1–3] and refs therein. The instability serves as one of the basic mechanisms of conversion

of the free energy stored in an anisotropic plasma into the magnetic field energy.

In the work, we investigated, through the use of quasi-linear approach, the dynam-

ics of the Weibel instability in a homogeneous collisionless plasma with an initial bi-

Maxwellian velocity distribution of particles. An analytical description is carried out for

the nonlinear development of this instability in a one-dimensional inhomogeneous case

with discrete set of spatial modes taking into account. The analytic solutions are avail-

able in predominantly single-mode or two-modes regimes. For multiple-mode regimes we

develop a numerical scheme for solving the obtained quasi-linear equations.

As a result, a number of new nonlinear physical phenomena are studied for a plasma

with a sufficiently strong initial anisotropy and one, two or several modes exited.

Our approach will make it possible to obtain highly accurate results for a plasma

with a low level of initial anisotropy and with a such low noise level that corresponds to

real plasma systems, which is unattainable with the use of particles-in-cells simulation.

The work was supported by the Russian Science Foundation, project No. 20-12-00268.
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One-dimensional model of a magnetic transition layer
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distribution of particles
Kocharovsky Vl. V.1,∗, Kocharovsky V. V.1,2, Nechaev A. A.1, Tarasov S. V.1

1Institute of Applied Physics, Russian Academy of Sciences, Nizhny Novgorod, Russia

2Dept. of Physics and Astronomy, Texas A&M Univ., College Station, USA

*kochar@appl.sci-nnov.ru

One-dimensional analytical model for a distributed current sheet between two regions

of collisionless plasma with different magnetic fields is proposed [1]. It is base on an exact

solution of the stationary Maxwell equations and the kinetic Vlasov equations for particle

species in a neutral layer of multicomponent magnetoactive plasma. The model admits

the presence of several electron and ion fractions with kappa energy distributions typical

of nonequilibrium cosmic plasma, where a power-law spectrum of energetic particles is

frequently observed. The fractions can have different effective temperatures and spatially

separated localized currents that contribute to the total width of the sheet. We compare

the magnitudes and characteristic spatial scales of electric currents and magnetic fields

of the models with a Maxwellian [2] and a kappa [1] distributions and show that energetic

particles provides smoother transition between two regions of magnetized plasma.

The developed theory allows for the first time to analytically describe quasi-stationary

current configurations in laboratory and cosmic plasmas, e.g., in planetary magne-

topauses, coronal loops, and stellar wind with magnetic clouds.

The work was supported by the Russian Science Foundation, project No. 16-12-10528.
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Lipschitz Mane projections and finite-dimensional
reduction for complex Ginzburg-Landau equation.
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Surrey University, UK
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In this talk I will discuss the problem of the finite-dimensional reduction for 3D

complex Ginzburg-Landau equation (GLE) with periodic boundary conditions. Using

spatial averaging principle, which was introduced by J. Mallet-Paret and G. Sell to handle

the 3D reaction-diffusion equations, together with temporal averaging we will be able

to show that the attractor of our problem possesses Mane projections with Lipschitz

continuous inverse. This work can be considered as the first step to proof the existence

of an inertial manifold for GLE.
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Chaotic dynamics and drift in an oscillator
with an adaptive external force
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The paper investigates the dynamics of a non-autonomous linear oscillator, in which

the phase of the external action depends linearly on the dynamic variable. Such control

of the phase of external influence leads to the fact that in the behavior of the oscillator

there is a hierarchy of various periodic and chaotic oscillations [1,2].

ẍ+ 2αẋ+ x = V sin(2πfτ + ϕ(x)), (1)

where x is a dynamic variable, α is the dissipation coefficient, τ is the dimensionless time,

V is the amplitude, f is the frequency, and ϕ(x) is the phase of the external influence,

respectively.

Let us assume that the phase of the external influence depends on the dynamic

variable linearly:

ϕ(x) = k1x. (2)

Then equation (1) takes the form

ẍ+ 2αẋ+ x = V sin(2πfτ + k1x), (3)

Equation (3) is non-linear and exhibits various types of periodic and chaotic behavior.

Consider a situation where the variable x is preceded by a constant coefficient. In this

case, equation (3) has the form

ẍ+ 2αẋ+mx = V sin(2πfτ + k1x), (4)

For m = 0, equation (4) is transformed to the form

ẍ+ 2αẋ = V sin(2πfτ + k1x). (5)
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The aim of this work is to numerically study the types of behavior and structure of

the space of control parameters of system (4) with a sequential decrease in the parameter

m.

In the course of research, the change in the structure of the space of the control

parameters of system (4) was studied, it was shown that for m0, the regions of existence

of various modes of oscillations on the plane of the parameters of the external action are

compressed and shifted to the region of low frequencies, and the dynamics of the system

is observed a transition from limiting and attracting sets to periodic drift.
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Ginzburg-Landau variation equation. Local bifurcations and the
global attractor

Kulikov A. N.1, Kulikov D. A.1

1. Department of Differential Equations

Demidov Yaroslavl State University

In the literature, the variation complex Ginzburg-Landau equation (VKUGL) is the

following equation [1-2]:

ut = u− u|u|2 + duxx, (1)
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where u = u(t, x) = u1(t, x) + iu2(t, x), d > 0. Along with it are the two corresponding

considered modifications [3-4]:

ut = u− u|u|4 + duxx, (2)

ut = u− uV (u) + duxx, (3)

where V (u) =
1

2π

π∫
−π

|u|2dx. Equation (3) is called the nonlocal version of the VKUGL [5].

Equations (1)-(3) are usually considered together with the periodic boundary conditions:

u(t, x+ 2π) = u(t, x). (4)

Theorem 1 [2].The boundary value problem (BVP) (1), (4) has a family of equilib-

rium states: Sk : uk(x) = ηk exp(ikx+ iϕk), where ηk =
√

1− dk2,

ϕk ∈ R, k ∈ Z \ {0} if 1 − dk2 > 0. It is stable if d < dk = 2/(6k2 − 1) (the family S0

exists and it stable for all d).

Theorem 2 [2]. Let d = dk(1 − ε/2). Then there exists ε0 > 0, such that for

all ε ∈ (0, ε0) in the neighborhood of Sk (k 6= 0) there exists a two-dimensional saddle

invariant manifold Vk(ε), formed by equilibrium states of BVP (1), (4)

u(x, ε) = ηk exp(ikx+ ih1)
[
1 + ρkε

1/2[cos(x+ h2)− 2ik sin(x+ h2)] +O(ε)
]
.

In this case h1, h2 ∈ R, ρk =
√

(6k2 − 1)/(3(16k4 − 1)).

Similar results were obtained for BVP (2), (4). It has one-dimensional invariant

manifolds Sk,1 in the forms corresponding to Sk, but in the case of BVP (2), (4) ηk =

4
√

1− dk2. The corresponding solutions are stable if

d < dk,1 = 4/(8k2− 1). Finally, for d = dk,1(1− ε), ε ∈ (0, ε0) in the neighborhood of Sk,1

there exist two-dimensional saddle invariant manifolds Vk,1, formed by the equilibrium

states of BVP (2), (4) [3].

The dynamics of the solutions to BVP(3),(4) is different.

Theorem 3 [4].BVP (3), (4) has a global attractor A = {0}
⋃ n⋃

m=0

Am, where n =

[1/
√
d] − 1, if 1/

√
d ∈ N and n = [1/

√
d], if 1/

√
d /∈ N. In this case {0} the zero

equilibrium state, A0 is a family of equilibrium states u0(x) = exp(iϕ0), Р◦nd Am is a

three-dimensional invariant manifold filled with equilibrium states um(x) = ηm exp(imx+
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iϕm)+η−m exp(−imx+iϕ−m), where ϕm, ϕ−m ∈ R, ηm, η−m ≥ 0, η2m+η2−m = 1−dm2, 0 <

|m| ≤ n. Only the equilibrium states within the family A0 will be stable.

This work was supported by the Russian Foundation for Basic Research, project no.

18-01-00672.
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CONDITIONED LYAPUNOV EXPONENTS
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We introduce the notion of Lyapunov exponents for random dynamical systems,

conditioned to trajectories that stay within a bounded domain for asymptotically long

times. This is motivated by the desire to characterize local dynamical properties in the

presence of unbounded noise (when almost all trajectories are unbounded). We illustrate

its use in the analysis of local bifurcations in this context.

The theory of conditioned Lyapunov exponents of stochastic differential equations

builds on the stochastic analysis of quasi-stationary distributions for killed processes and

associated quasi-ergodic distributions. We show that conditioned Lyapunov exponents

describe the asymptotic stability behaviour of trajectories that remain within a bounded

domain and – in particular – that negative conditioned Lyapunov exponents imply local

synchronisation. Furthermore, a conditioned dichotomy spectrum is introduced and its

main characteristics are established.

This is joint work with Maximilian Engel (FU-Berlin) and Martin Rasmussen (Im-

perial College London).
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The generalized Swift-Hohenberg equation (briefly, SHE)

ut = αu− (1 + ∆)2u+ βu2 − u3

is the well known pattern-forming model equation and studying its solutions with dif-

ferent spatial structure is a very interesting problem both theoretically and in view of

its various applications. We are interested here in its solutions with the localization

property

lim
r→∞

u(t, r) = 0, r = (x, y), r2 = x2 + y2.

Such solutions are important in many applications and were found in a various experi-

ments, both natural and numerical ones.

In the Sobolev space of H2(R2) this equation defines a gradient-like differential equa-

tion with the functional

F =

∫
R2

{1

2
[(1 + ∆)u]2 − α

2
u2 − β

3
u3 +

1

4
u4}dxdy,

therefore its stationary solutions are of the primary importance.

The existence of localized stationary solutions being rotationally invariant or radial,

i.e. when u depends only on r, u(r), is rather well studied (LKSh, Sandstede et al,

Mielke-Zelik, and others). But numerical and natural experiments demonstrate also an

existence of non-radial localized stationary patterns to this equation. Thus, it is an

interesting problem to understand a genesis of such solutions and their possible shape.

Our strategy of searching non-radial stationary localized solution is to select some

branch of radial solutions, for instance, fix β and vary α, and find those points on the

branch, where the linearization of the equation on that radial solution experiences a
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bifurcation of the appearance of non-radial solution with the lesser symmetry group.

The latter means a possible appearance of a solution being invariant w.r.t. a discrete

symmetry group Zn instead of symmetry group S1. Appearance of such solutions reminds

the resonance phenomena when an elliptic equilibrium passes through the resonance of

frequencies, from here is the title.

When studying the phenomenon we found the localized resonant solutions with in-

variant w.r.t the group Zn, n = 2, 3, 4, 5, 6. After a related bifurcation we continued the

newborn solution numerically. To substantiate the results, we address to the polar co-

ordinates and use the Galerkin approximations expanding solutions in the Fourier series

in angular variable ϕ. This gives a system of differential equations in radial variable that

is investigated.

The work of L.M. Lerman was partially supported by the Laboratory of Dynamical

systems and Applications of NRU HSE of the Ministry of Science and Higher Education of

RF, grant # 075-15-2019-1931 and by the Mathematical Center "Mathematics for Future

Technologies" of the Institute of Information Technology, Mathematics and Mechanics

of NNSU under the Project# 0729-2020-0036 of the Ministry of Science and Higher

Education of RF.
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Stability of heteroclinic attractors in
equivariant dynamical systems
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In this talk we discuss some notions of non-asymptotic attraction/stability with a

focus on heteroclinic structures in equivariant systems of ordinary differential equa-

tions. Through some recent results we illustrate how different symmetry groups influence

the possible stability configurations of so-called simple and pseudo-simple heteroclinic

cycles/networks with identical topological architecture. Joint work with Sofia Castro

(Porto), Pascal Chossat (Nice) and Olga Podvigina (Moscow).

Monotonicity criterion of topological entropy
with application to families of Lorenz maps
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We consider monotonicity properties of the topological entropy and of the kneading

invariants for families of symmetric Lorenz maps with infininite derivatives at the discon-

tinuity point. Such families appear as one-dimensional factor maps for the geometrical

model of the Lorenz attractor by Afraimovich, Bykov and Shilnikov [1].

Let Tα : I → I, I = [−1, 1], be a family of symmetric Lorenz maps satisfying the

following conditions

(1) Tα(x) is a monotone increasing C1-map on both [−1, 0) and (0, 1], and Tα(−x) =

−Tα(x) for all x ∈ I;
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(2) limx→0+ Tα(x) = −1, limx→0− Tα(x) = 1;

(3) limx→0±DTα(0) = +∞

(4) the partial derivative ∂αTα(x) with respect to α, is continuous on the whole I;

(5) there are N ∈ and q > 1 such that DT n(x) > qn for all n > N and x ∈ I.

Consider the space of continuous odd symmetric functions Csym(I) on I equipped

with the uniform topology and introduce the following operator L : Csym(I)→ Csym(I)

L(f)(x) =
∂Tα(x) + f(Tα(x))

DTα(x)
(1)

Theorem 1. (Criterion of monotonicity) Let Tα be a family which satisfies the conditions

(1)-(5). Then the following holds.

1. The space Csym(I) is invariant under the action of L, and moreover, L has a unique

fixed point Fα(x) in Csym(I) for all α.

2. If the inequality Fα(1) > 0 (resp., Fα(1) < 0) is satisfied for all α ∈ [α0, α̃0] then

the kneading invariant K−Tα is strictly monotone increasing (resp., decreasing) in α on

[α0, α̃0].

We apply this criterion to the model family of Lorenz maps (due to Afraimovich,

Bykov and Shilnikov): Tc = Tc,ν(x) = (−1 + c|x|ν) · sign(x).

Theorem 2. In the parameter region of (c, ν)-plane with 1 < c < 2, 0 < ν < 1 and

cν − 1 > (c − 1)1−ν − (c − 1) > 0, the kneading invariant K−Tc,ν is strictly monotone

increasing in c (with ν fixed).

Similar results (Theorems 1 and 2) on monotonicity also hold if one replaces the

term "the kneading invariant" by "the topological entropy"; the only difference is that

in the latter case we can state just monototonicity, not necessarily strict. By using these

results, we indicate those regions in the parameter (c, ν)-plane where the topological

entropy depends monotonically on c, as well as those for which monotonicity does not

take place. We also indicate the corresponding bifurcations of the Lorenz attractors.

This work was partially supported by the RFBR-grant No. 18-29-10081.
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The study of deterministic chaos continues to be one of the important problems in the

field of nonlinear dynamics. Interest in the study of chaos exists both in low-dimensional

dynamical systems and in large ensembles of coupled oscillators. In this work, we study

the emergence of spatio-temporal chaos in chains of locally coupled identical pendulums

with constant torque.

We consider N coupled pendulum-type systems described by a system of ordinary

differential equations:

ϕ̈1 + λϕ̇1 + sinϕ1 = γ +K sin (ϕ2 − ϕ1),

n + λϕ̇n + sinϕn = γ +K [sin (ϕn+1 − ϕn) + sin (ϕn−1 − ϕn)] , n = 2, . . . , N − 1,

ϕ̈N + λϕ̇N + sinϕN = γ +K sin (ϕN−1 − ϕN),

(1)

where λ – damping parameter, responsible for dissipative processes in the system,

γ – constant torque is the same for all N pendulums, K – parameter of the coupling

strength between elements. The system (1) is used to describe the behavior of interacting

pendulum systems [1–3]
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The study of the scenarios of the emergence (disappearance) and properties of chaos

is done as a result of changes: in the individual properties of elements due to the influ-

ence of dissipation in this problem, and in the properties of the entire ensemble under

consideration, determined by the number of interacting elements and the strength of the

connection between them. It is shown that an increase of dissipation in an ensemble

with a fixed coupling force and elements number can lead to the appearance of chaos

as a result of a cascade of period doubling bifurcations of periodic rotational motions

or as a result of invariant tori destruction bifurcation. Chaos can occur in an ensemble

by adding or excluding one or more elements. Moreover, chaos arises hard, since in

this case the control parameter is discrete. The influence of the coupling strength on

the occurrence of chaos is specific. The appearance of chaos occurs with a small and

intermediate coupling and is caused by the overlap of the various out-of-phase rotational

modes regions existence. The boundaries of these areas are determined analytically and

confirmed in a numerical experiment. Chaotic regimes in the chain do not exist if the

coupling strength is strong enough.

The work was supported by RSF grant No. 19-12-00367 (analytical results) and

Ministry of Science and Higher Education of Russian Federation project No. 0729-2020-

0036 (numerical results).
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The need to investigate the dynamics and synchronization of globally coupled os-

cillators inevitably arises in the study of a wide range of phenomena in nature and

technology. The Kuramoto model of globally coupled phase oscillators is a paradig-

matic model to study synchronization phenomena. Analytical approaches describing the

Kuramoto order parameter evolution [1–3] have a number of restrictions related to the

parameters distribution. In the thermodynamic limit, stationary synchronized states

were found analytically for an arbitrary distribution of natural frequencies in standard

[4] and generalized Kuramoto model with noisy rotators characterized by small inertia [5].

However, the problems of stability analisys for stationary synchronized states and exis-

tence of nonstationary synchronization regimes were not fully solved, especially in the

case of multimodal natural frequencies distributions. As we will show for such a basic

distributions there is the range of parameters without any stable stationary synchronized

states.

We analyze the Kuramoto model of globally coupled noisy phase oscillators in the

thermodynamic limit N →∞ whose phases ϕn obey following equations of motion,

ϕ̇n = ωn + εIm
(
e−iϕnR

)
+ σζn (t) , R =

1

N

N∑
n=1

eiϕn , (1)

where N is the number of oscillators; ωn are natural frequencies half of which are ∆/2

and the other is −∆/2; ε is the coupling strength. The independent white noise forc-

ings σζn (t) have equal amplitudes σ, zero means 〈ζn (t)〉 = 0, and auto-correlations

〈ζn (t1) ζn′ (t2)〉 = 2δnn′δ (t1 − t2).
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We analytically found stationary rotating solutions of the Fokker–Planck equation,

identified all synchronization branches and the types of transition to synchronization

in (1) using the subgroup order parameter approach presented in [5]. The linear sta-

bility analysis for these solution (that was not previously considered) was numerically

performed. We showed that for sufficiently wide distributions, when ∆/σ2 > ξc ≈ 2.184,

a range of ε exists in which there are no any stationary synchronized states. Numerical

solution of the Fokker–Planck equation indicates asynchronous state stability loss bifur-

cation on the left border of this interval as a result of which a stable periodic motion

occurs. It is the only stable mode in the absence of stable stationary synchronized states.

At larger coupling values ε the bistability between the stationary and periodic solutions

takes place. Thus, beside the previously described subcritical and supercritical transi-

tions [5], the third type of transition to synchronization through nonstationary solutions

in the noisy Kuramoto model with a bimodal frequency distribution was discovered.

The work was supported by RSF grant No. 17-12-01534 (analytical results) and

RFBR grant No. 19-52-12053 (numerical results).
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We study the collective dynamics and information transfer in diffusively coupled

excitable elements on small tree networks with regular and random connectivity. The

leaf nodes receive independent random inputs and a stimulus, which may induce large

spiking events propagating through the tree branches, eventually firing the central node

in the tree network. This scenario may be relevant to action potential generation in

certain sensory neurons, which possess myelinated distal tree-like arbors with excitable

nodes of Ranvier at peripheral and branching points. We show that the mechanism

of coherent firing is rooted in synchronizing individual nodes’ local activity, even when

leaves receive random independent inputs. The structural variability in random trees

translates into collective network dynamics leading to a wide range of firing statistics

and response gains, most pronounced in the physiologically relevant strong coupling

regime. We quantify the central node’s response by mutual information (MI). In the

strong coupling limit, we show that the MI is determined by the number of nodes and

leaves, insensitive to particular connectivity and distribution of the stimulus among the

leaf nodes. However, in an intermediate coupling regime, MI may strongly depend on

the distribution of the stimulus among leaves. We identify a mechanism behind the

competition between the leaf nodes and show that the background firing of unstimulated

branches can occlude a localized stimulus.
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Consider the following three-dimensional Henon map:

x̄ = y, ȳ = z, z̄ = M + Ay +Bx− z2. (1)

It is well-known that in some parameter domain map (1) possesses the discrete Lorenz

attractor. This fact helps to prove the existence of such attractors in other problems,

where map (1) appears e.g. as a Poincare map. In patrticular, these are homoclinic and

heteroclinic cycles with a quadratic tangency of manifolds consisting of saddles of type

(2, 1) and having special structures: saddle-focus fixed points, non-simple homoclinic and

heteroclinic orbits, resonant saddle fixed points. In order to avoid existence of lower-

dimensional invariant submanifolds, that would prevent from a three-dimensional chaotic

dynamics, an additional condition on the Jacobians is imposed, namely for a homoclinic

cycle the Jacobian is equal to one in the absolute value at the bifurcation moment. For

a heteroclinic cycle it is assumed that it contains a fixed point with the Jacobian less

than one and a fixed point with the Jacobian greater than one.

An interesting question arises: what can we say about discrete Lorenz attractors in

inverse maps of the systems mentioned above. Those are homoclinic and heteroclinic

cycles with quadratic tangencies, similar special structures and the condition on the

Jacobians, but consisting of (1, 2)–saddles. The first return map in this case will be the

inverse to (1), that is map

x̄ = y, ȳ = z, z̄ = M + Az +Bx− y2. (2)

It is automatically clear that map (2) has a discrete Lorenz repeller near the same

bifurcation as map (1), when a fixed point possesses multipliers (−1,−1,+1).

In the present work period-6 points were found with multipliers (−1,−1,+1) such

that the normal form of map (1). This means that in map (2) exist period-6 discrete

Lorenz attractors.
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It is well-known that the Morse functions exist on any manifolds and, hence, there

exist gradient flows as well. Generically, they are structurally stable and a dynamics of

such systems is a base for the class of gradient-like flows, i.e. flows, whose non-wandering

set consists of a finite number of hyperbolic fixed points, whose invariant manifolds cross

transversally.

Such flows are used everywhere, when modelling regular processes in different natural

sciences is used (see, for example, [1]). Hence, it is very important to be able to compare

dynamics of such models without depending on a nature of their appearing. Meanwhile,

depending on research goals, it is important both a qualitative behaviour of a system,

i.e. partition into trajectories, and time of moving along trajectories. In dynamical

systems theory, the relation, preserving partition into trajectories up to homeomorphism,

is called the topological equivalence and the relation, preserving in addition time of moving

along trajectories, is called the topological conjugacy. A finding of invariants uniquely

determining an equivalence class for a system is called the topological classification.

The finiteness of the set of non-wandering orbits of a gradient-like flow leads to

invariants that goes back to the classical works of A. Andronov, L. Pontryagin, E. Leon-

tovich, A. Mayer [1], [2], [3]. In the present paper we survey existing graph invariants

for gradient-like flows on surfaces up to the topological equivalence and develop effective

algorithmsThe notion of an effectively solvable problem rises to A. Cobham [4], who

asserts that a computational problem can be feasibly computed on some device only if

it can be computed in time bounded by a polynomial on a parameter representing the

length of input data. The complexity status of the general graph isomorphism problem

is not proved to be polynomial or not. Graphs in the criteria are not graphs of the

general type, they possess peculiar combinatorial properties. (i.e. polynomial-time al-
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gorithms) for their distinction. Additionally, we construct a parametrized algorithm for

the Fleitas’s invariant, which will be of linear time, when the number of sources is fixed.

Finally, we prove that the classes of topological equivalence and topological conjugacy

are coincide for gradient-like flows. So, all the proposed invariants and distinguishing

algorithms work also for the topological conjugacy.

This work was supported by from the Fund of the Development of Theoretical Physics

and Mathematics “BAZIS”.
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We numerically study the spatio-temporal dynamics of a heterogeneous two-layer

network of chaotic discrete-time systems. The multiplex network is described by uni- or

bidirectionally coupled rings of Henon and Lozi maps with a nonlocal interaction. We

examine in detail effects of weakly and strongly sparse inter-layer coupling upon effec-

tive synchronization and compare with the network dynamics in the case of non-sparse

coupling between the rings. We show for the first time that effective synchronization is

confidently observed in a finite range on the inter-layer coupling strength even when up

to 50% links between the rings are missing. The impact of a different degree of sparseness

of the inter-layer coupling is quantified by using the global synchronization measure. We

also analyze the contribution of the intra- and inter-layer couplings in the synchronous

structure formation.

Conservative symmetry breaking bifurcation
in the double Henon map

Safonov K.1,2, Zelentsov N.1
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The talk is devoted to the study of the area-preserving two-dimensional map H :

(x, y) 7→ (x̄, ȳ) given by

H : x̄ = (M − β) + cx− y2, y = (M + β) + cȳ − x̄2
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This map is the truncated first-return map when studying bifurcations of two-dimensional

conservative maps having a saddle fixed point with a pair of nontransversal homoclinic

orbits.

Let us note that for β = 0 the map H is reversible with respect to the involution

I : (x, y) 7→ (y, x). For this case, the map H was derived in [1] and symmetry breaking

bifurcations for fixed points were studied (see the left part of Fig. 1).

Figure 1: The bifurcation diagram for the map H on the parameter plane (c,M) with

β = 0 (left part) and β = 0.1 (right part).

In the present talk, we will discuss the corresponding bifurcations for arbitrary values

of β. We will show that for β 6= 0, the period doubling curves undergo sharp changes

(see the right part of Fig.1 ), which leads to the emergence of new bifurcation scenarios.

This work was supported by the Russian Foundation for Basic Research grant No.

19-01-00607.
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One of the new directions of research in nonlinear dynamics is associated with the

study of the so-called mixed dynamics, in which the phase trajectory of a dynamical

system visits the regions of phase space corresponding to a chaotic attractor and repeller.

The possibility of such behavior has been rigorously proved mathematically and was

noted in a number of works, for example, in [1–3]. It seems interesting and important

to observe this type of behavior in a real physical system and to visualize the dynamics

of the system on a repeller.

The aim of this work is to develop a technique for observing repellers in a physical

experiment and visualization of mixed dynamics using the example of electronic systems.

Observing a repeller in a numerical experiment does not present any particular dif-

ficulties, since it is easy to run a program for the numerical integration of differential

equations in reverse time or to rewrite equations with negative time and carry out the

numerical integration procedure. This is impossible in a physical system. However, hav-

ing rewritten the equations of a dynamical system, in which the time t is replaced by −t,

and realizing a similar system, such an object is observed when analyzing the dynamics

in reverse time, since in this case the unstable manifolds become stable. In [4], a simple

model was proposed in the form of a system of three nonlinear differential equations, the

solutions of which are determined on a compact set. To achieve this goal, the equations

were written in reverse time, and electronic circuits were implemented for each of the

systems. As a result, the first diagram showed the dynamics of the model in forward

time, and the second diagram showed the dynamics that is equivalent to the dynamics

of the first diagram in reverse time. In this case, the repeller, which takes place in the

dynamics of the first scheme, is an attractor in the dynamics of the second scheme. In
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this case, the attractor observed in the dynamics of the first scheme will be a repeller,

which takes place in the dynamics of the second scheme.

As a result, using the example of a simple three-dimensional system, a technique

was proposed for observing repulsive sets in a physical experiment, visualization of a

repeller was carried out, and for the first time in a physical experiment, the results

of an experimental study of a new type of chaotic behavior representing motion on an

attractor and repeller were presented. The results of the physical experiment are in good

agreement with the results of numerical studies
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Based on the formalism of the Wilson-Cowan model [1], a frequency model was pro-

posed for the regulation of neural activity under the influence of neuroactive substances

(glia and extracellular matrix of the brain (ECM)). The model considers the dynamics

of the neural network on the time scale of astrocyte activity (on the order of seconds)

and ECM (on the order of hours, days). The model implements the concept of the

so-called ’tetrapartite synapse’, which includes, in addition to traditional pre- and post-

synaptic neurons, glia and ECM. In contrast to the previously used ’tripartite synapses’,

in this case, the activation of the glial cell will be accompanied not only by the release
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Figure 2: (a) Scheme of the mathematical model of neuron-glia-ECM interactions. The

excitatory neuron population is shown in red, the inhibitory neuron population is in

blue, (b) An example of the dependences of the neuronal activity of excitatory (E) and

inhibitory (I) populations of neurons, the concentration of ECM (Z), proteases (P ) and

receptors (R) molecules, the concentration of neurotransmitter (X) and gliatransmitter

(Yk) on time. Self-oscillating mode.

of gliatransmitters, but also by the production of ECM molecules [2–4]. According to

experimental data, the effect of ECM molecules on astrocytes is associated with a change

in their number and properties (for example, their morphology and intracellular pH may

change [5]), which in turn will change the efficiency of neuron-glia interactions. The

conceptual scheme of the model is shown in Fig.1a.

The mathematical model of the excitatory and inhibitory populations of neurons is

described by a system of differential equations (a modified version of the Wilson-Cowan

model [1]):

τe
dE
dt

= −αE +H(MeeMeezMeeaE −MeiE + Ithr + Inet,

τi
dI
dt

= −βI +H(MieMieaE −MiiI + Jnet)
(1)

where E, I - average frequencies of generation of impulses by excitatory and inhibitory
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neurons; α,β - activity decay constants, Mee, Mei,Mie, Mii - parameters describing the

interaction between populations of neurons; Meez, Meea, Miea - parameters describing

the effect of glial cells and ECM on neuronal activity; Ithr - signal generation threshold

in populations; Inet, Jnet - input signal from the network to excitatory and inhibitory

populations of neurons, respectively; H - function that approximates the characteristic

"input-output" of the Hodgkin-Huxley neuron model; taue , taui - oscillation frequency

parameters.

The released neurotransmitter (glutamate) as a result of neuronal activity from mul-

tiple synapses will locally form an average neurotransmitter concentration field, X. In

this case, the change in concentration will linearly depend on neuronal activity E:

dX

dt
= −αxX + βxE, (2)

where αx - relaxation constant, betaxE - the proportion of the released neurotrans-

mitter in the excitatory population of neurons. On the time scale of the activity of ECM

molecules, synaptic transmission and neuronal activity will be stationary (t = 0), then

equation (2) can be rewritten in a simplified form:

X =
βxE

αx
(3)

As the neurotransmitter, X, is released, some of it will diffuse into the extrasynaptic

space and trigger the release of the gliatransmitter. The dynamics of astrocyte activity

in the model is described by the average concentration of gliatransmitter, Y :

dYk
dt

= −αkYk + βkHk(Xe), Hk(Xe) =
1

1 + exp(−X−θk
kk

)
(4)

where k = glutamate, D-serine, Yk is the concentration of gliatransmitter, is the

activation function. On a time scale of activity of ECM molecules, astrocytic dynamics

and neuronal activity will be stationary (t = 0), then equation (4) can be rewritten in

the following form:

Yk =
βkHk(Xe)

αk
(5)

The change in the probability of neurotransmitter release at the glutamatergic synapse

can be accounted for in the following form:
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βx = β0
x(1 + γ1Y1), (6)

where γ1 is the parameter that determines the effect of the gliatransmitter (gluta-

mate) on the release of the neurotransmitter,Y1 is the glutamate glutamate. In postsy-

naptic dynamics, the released D-serine can bind to postsynaptic receptors and increase

the amplitude of postsynaptic currents (EPSC). In the model, this can be described by

the following equation:

Meea = 1 + γ2Y2, (7)

where γ2 is the parameter that determines the effect of the gliatransmitter (D-serine)

on the release of the neurotransmitter, Y2 is the D-serine gliatransmitter. The released

gliatransmitter glutamate can alter the frequency of spontaneous neurotransmitter re-

lease upon activation of axonal kainate receptors in an inhibitory population of neurons.

This influence can be described by the following equation:

Miea = 1 + γ3Y1, (8)

where γ3 is the parameter that determines the effect of the gliatransmitter (gluta-

mate) on the release of the neurotransmitter, Y1 is the glutamate glutamate.

The formation of ECM (Z) molecules occurs in parallel with these processes. For

describing of ECM activity we are used model from [3]. An additional contribution

to the secretion of ECM molecules will be provided by the activity of astrocytic cells,

which proportionally increases the concentration of ECM molecules. An increase in

the concentration of ECM molecules leads to a change in the excitability of neurons

(γz)(equation ??) and a decrease in the activity of glial cells (γza)(equation (1)). We

write down the effect of ECM on the threshold of neuron excitability as follows:

Ithr = I0(1− γzZ), (9)

With a decrease in ECM molecules caused by the activity of proteases, an increase

in the activity of the glial cell can occur as a result of its growth, which can be written

by the following equation:
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βk = β0
k(1− γzaZ), (10)

Increased neuronal activity associated with the effect of glial cells and ECM molecules

on the postsynaptic terminal (the so-called synaptic scaling (equation (11)) leads to an

increase in the concentration of proteases that break down ECM molecules. The effect

of synaptic scaling resulting from the activation of the ECM and ECM receptors can be

represented as follows:

Meez = 1 + γZRZR), (11)

It is known from experimental data that the activation of the glial cell (astrocyte)

is accompanied by the production of ECM molecules. This effect can be written by the

following equation:

βz = β0
z (1 + γyY ), (12)

This interaction of positive and negative feedbacks, mediated by both glial cells and

astrocytes, leads to the formation of a self-oscillating mode (Fig.1b). Note that the effect

of self-oscillatory dynamics obtained in the model at large times was predicted by our

model for the first time.

The work was supported by the Russian Science Foundation (Grant No. 19-12-00367).
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For last decades nonlinear models in the form of both ordinary and time delayed

differential equations and nonlinear maps became a usual tool for description of biological

systems. Since the typical object of nonlinear dynamics is an attractor, most models

assume that the behavior observed in the experiment is dynamics on the attractor. This

situation is typical for most biological systems, including different brain models, e. g.

models of epilepsy [1]. However, in some recent years the understanding was achieved

that not only attractors, but also transient dynamics can an image of observed time

series [2].

Here, we propose a new approach to modeling the well known encephalographic

patterns of absence epilepsy — spike-wave discharges. Since different approaches to
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signal analysis both in humans and genetic rat models [3] showed no special process

responsible for seizure termination, we propose that the discharge is a long transient

initiated by external input. We constructed a number of models in the form of both

ensembles of model equations and radioengineering circuits, which are able to produce

long quasiregular transients. we showed that such models demonstrate scaling in number

of elements (the grater the number of oscillators in the ensemble, the better the model

represent the observed activity) and significant population variability (different models

constructed following the same rules demonstrate rather different behavior), known in

the biological observations from both rats and humans.

This research was funded by the Russian Science Foundation, Grant No. 19-72-10030.
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In this paper we discuss the statistical issues of so-called soliton gas in the example

of the Korteweg - de Vries (KdV) equation, which may be presented in the standard

dimensionless form as follows,

ut + 6uux + uxxx = 0, (1)

where the solution u(x, t) ∈ < describes the perturbation, x ∈ (−∞;∞) has the

meaning of the spatial coordinate, and t ∈ (−∞;∞) is the time.

In principle, the soliton gas may be described exactly using the multisoliton solution

of (1), which can be obtained with the help of the Darboux transformation

u(x, t) = 2
∂2

∂x2
lnWN(ψ1, ψ2, ..., ψN) (2)

or similar approaches. In (2)WN is the Wronskian of N so-called seed functions ψj(x, t),

j = 1, ..., N (see e.g. [1]),

ψj = cosh kj(x− 4k2j t− xj), if j is odd,

ψj = sinh kj(x− 4k2j t− xj), if j is even.

The parameters kj specify N solitons with amplitudes Aj = 2k2j > 0; xj are con-

stants which determine locations of the solitons. Though the solution (2) is explicit, its

computation is technically difficult when N is large (say, greater than 10) due to the

indeterminate form of the Wronskian function.

As was suggested in [2] (to a different type of the multisoliton solution of the nonlinear

Schrödinger equation), the use of extra-high precision of the numerical code may help to

construct the multisoliton solutions with larger N . We have implemented this approach
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to calculate the solution (2) to the KdV equation (1), using typically the mantissa of the

length of 100 digits.

The accuracy of the obtained solution is controlled using the 10 low-order conserved

integrals of the KdV equation, which may be exactly calculated for isolated solitons. In

our constructions the maximum relative error of the highest integral does not exceed the

value of 3% when N = 40.

The solution (2) may be used for constructing the dense soliton gas within a finite

interval. Importantly, the statistical moments are approximately constant within some

interval, thus the gas is homogeneous within this interval.

In the present work we focus on the situation of synchronous collisions of KdV soli-

tons, which corresponds to the choice xj = 0, j = 1, ..., N in (). Then the solution (2) is

characterized by the symmetry u(x, 0) = u(−x, 0). Besides, the equation (1) possesses

the time inversion symmetry, u(x, t) = u(−x,−t). Therefore it is sufficient to consider

only positive times, t ≥ 0.

We choose for certainty the model distribution of the soliton amplitudes Aj = 1/dj−1,

j = 1, ..., N , and vary the constant d > 1. The appearance of the evolving solution

u(x, t ≥ 0), and the evolution of the third and the fourth statistical moments, µ3, µ4,

have been examined. The value d = 3 corresponds to the marginal situation in the case

N = 2, when the exchange and overtaking scenarios of the soliton interaction change;

however it does not correspond to a peculiar solution when N > 2. As was shown in [1],

the collision of solitons with the same sign generally leads to smaller amplitudes.

The evolution of µ3 and µ4 look qualitatively similar. They drop down when the

solitons start to interact, and recover after the collisions. When for a given value of d

the number N grows, the values of the statistical moments decrease; the curves of the

reduced during the interaction quantities µ3(t) and µ4(t) flatten. For the case d = 1.1 the

curves collapse to the limiting solution when N = O(40); they converge to the limiting

solution faster when d is larger. Thus, the obtained solution is able to approximate the

limit N →∞ in a broad range of parameters, d > 1.1.
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We will discuss classical and new results related with existence and non-existence of

Inertial Manifolds (IMs) for abstract semilinear parabolic equations and their applica-

tions. The most attention will be payed to the case where the so-called spectral gap as-

sumptions are violated. Among examples will be reaction-diffusion-advection equations,

Cahn-Hilliard equations and various modifications of Navier-Stokes equations. We also

consider the problem of smoothness of IMs and suggest a new approach to this prob-

lem which allows us to extend the initial non-smooth IM to the smooth IM for slightly

modified equations using the Whitney extension theorem.
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We introduce a class of G continuous flows f t on Mn that generalize the concept

of Morse-Smale flows. Such flows have a hyperbolic (in the topological sense) chain-

recurrent set Rf t consisting of a finite number of orbits (chain components). Each non-

wandering orbit is either a fixed point or a periodic orbit O for which the concept of

stable W s
O and unstable W u

O manifolds is correctly defined. It can be proved that the

chain components of the flows under consideration do not form cycles and, therefore, can

be completely ordered O1 ≺ · · · ≺ Ok while preserving the Smale relation: W s
Oi ∩W

u
Oj 6=

∅ ⇒ i < j.

The following theorem is true, which establishes the main dynamic properties of flows

from the class G.

Theorem Let f t ∈ G. Then

1) M =
k⋃
i=1

W u
Oi =

k⋃
i=1

W s
Oi ;

2) For any fixed point Oi there exists a number λi ∈ {0, . . . , n} (the Morse index of

the point Oi) such that its unstable manifold W u
Oi is a topological submanifold of M ,

homeomorphic to Rλi , and the stable manifold W s
Oi is a topological submanifold of M ,

homeomorphic to Rn−λi ;

3) for a periodic orbit Oi, there is a number λi ∈ {0, . . . , n− 1} (Morse index of the

orbit Oi) and a pair of numbers µi, νi ∈ {−1,+1} (orbit type Oi) such that its unstable

variety W u
Oi is a topological submanifold of the variety M , homeomorphic to Rλi × S1

for µi = +1 and Rn−λi×̃S1 for νi = −1;

4) (cl(W u
Oi) \W

u
Oi) ⊂

i−1⋃
j=1

W u
Oj ; (cl(W s

Oi) \W
s
Oi) ⊂

k⋃
j=i+1

W s
Oj .
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